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ABSTRACT 
Micro mirrors have emerged as key components for 

optical microelectromechanical system (MEMS) applications.  
Electrostatic vertical comb drives are attractive because they 
can be fabricated underneath the mirror, allowing for arrays 
with a high fill factor.  Also, vertical comb drives are more 
easily controlled than parallel plate actuators, making them the 
better choice for analog scanning devices.  The device 
presented in this paper is a one-degree of freedom vertical 
comb drive fabricated using Sandia National Laboratories 
SUMMiTTM five-level surface micromachining process.  The 
electrostatic performance of the device is investigated using 
finite element analysis to determine the capacitance for a unit 
cell of the comb drive as the position of the device is varied.  
This information is then used to design a progressive linkage 
that will seek to alleviate or eliminate the effects of instability.  
The goal of this research is to develop an electrostatic model 
for the behavior of the vertical comb drive mirror and then use 
this to design a progressive-linkage that can delay or eliminate 
the pull-in instability.   

INTRODUCTION 
Micro mirrors have emerged as key components for 

optical microelectromechanical system (MEMS) applications.  
Electrostatic vertical comb drives are attractive because they 
can be fabricated underneath the mirror, allowing for arrays 
with a high fill factor.  Vertical comb drives are also more 
easily controlled than parallel plate actuators, making them the 
better choice for analog scanning devices. However, 
electrostatic actuators suffer from an instability known as 

‘pull-in’.  Electrostatic pull-in occurs when the electrostatic 
force exceeds the mechanical restoring force of the device 
causing the actuator to abruptly move, or pull-in, to its final 
position.  This behavior can be advantageous when designing a 
digital micro mirror in which only two stable positions are 
required.  However, for devices that require a continuous 
motion over the full actuation range, such as micro mirrors for 
scanning applications, the actuator is limited by this instability 
[1-5].  Another phenomenon associated with this instability is 
that once the mirror has pulled-in, the voltage required to 
maintain that position is lower than the pull-in voltage.  The 
mirror will not return from this position until the actuating 
voltage has been reduced below the holding-voltage.  The 
result of this holding effect is hysteresis.   

Other authors have studied the electrostatic pull-in 
phenomena and developed analytical models for predicting the 
location and the voltage of the pull-in [5].  It has also been 
shown that changing the device geometry can alter the 
instability point.  However, in some applications, this may not 
be the best option, therefore it is important to consider 
alternative methods. 

The device presented in this paper, depicted in Figure 1, is 
a micro mirror designed to operate with one-degree of freedom 
using a hidden vertical comb drive fabricated using Sandia 
National Laboratories SUMMiTTM five-level surface 
micromachining process.  The electrostatic performance of the 
device is investigated using finite element analysis to 
determine the capacitance for a unit cell of the comb drive as 
the position of the device is varied.  This information is then 
used to design a progressive linkage that will seek to alleviate  
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Figure 1.  Schematic of mirror with hidden vertical 
comb drive showing (a) the hidden spring by itself, 

(b) the full device, (c) and a 2-D cross-section view of 
a unit cell (figure not to scale). 

 
or eliminate the effects of instability.  The goal of this research 
is to develop an electrostatic model for the behavior of the 
vertical comb drive mirror and then use this to design a 
progressive-linkage that can affect the pull-in angle.   

The progressive linkage design and analysis is based on 
that of a four-bar mechanism that will provide nonlinear 
restoring torque to the vertical comb drive device.  Previous 
work at developing a MEMS four-bar mechanism for motion 
amplification was conducted by Lee, et al [6].  That device was 
created by bulk etching into single crystal silicon.  The device 
presented here is created within the SUMMiTTM V 
micromachining process. 

NOMENCLATURE 
Te , electrostatic torque  
N, number of unit cells 
C, capacitance 
θ, rotation angle 
V, voltage potential 
Tm , mechanical torque 
km, spring constant 
PI(θ), pull-in function 
θPI, pull-in angle 
VPI, pull-in voltage 
P(θ), coefficients of polynomial fit function 
ri, length of linkage i in four-bar analysis 
L, length of beam 
a, thickness of rectangular beam cross-section 
b, width of rectangular beam cross-section 
K, cross-sectional term 
G, shear modulus 
Fi, force at joint i 

TSi, torque at joint i 
θSi, angle of joint i 
θSi0, initial angle of joint i  

ELECTROSTATIC ANALYSIS 
For the electrostatic comb drive mirror presented here, 

there is a ground plane and a series of vertically offset comb 
fingers, all contained underneath a flat mirror surface.  A 
voltage potential is applied across the fixed fingers and the 
moving fingers of the device creating an electrostatic force.  
This force causes the mirror to rotate about an axis supported 
by the hidden spring suspension, shown separately in Figure 
1(a).  Not depicted in the drawing is a design constraint that 
restricts the motion in the z direction.  While some motion 
may occur, the assumption is made that this device acts in one 
degree-of-freedom by rotating about the x-axis.   

Because of the symmetry of the comb fingers, it is 
convenient to consider only one unit cell when calculating the 
capacitance of the device.  A cross-section of a unit cell made 
up of one moving comb finger and one half of each associated 
fixed comb finger is shown in Figure 1(c).  The electrostatic 
torque, Te, may be represented by the following [5], 

 
2

2
1 VCNTe θ∂

∂=    (1) 

 
where C is the capacitance of one unit cell, θ is the angle of 
rotation about the x-axis, V is the voltage potential, and N 
refers to the number of unit cells in the device.   

It is assumed that the spring suspension provides a linear 
mechanical restoring torque, Tm, to the system that can be 
represented as [5], 

 
θmm kT =                       (2) 

 
where km is the rotational spring constant.  For this device, km 
was found to be approximately 75.79 pN-µm/rad using beam4 
elements in an Ansys finite element simulation. 

Equilibrium occurs in the device when the electrostatic 
torque is equal to the mechanical restoring torque.  When the 
electrostatic torque exceeds the ability of the mechanical 
spring, equilibrium can no longer be maintained and 
electrostatic pull-in occurs.  At the pull-in point, both the 
electrostatic and mechanical torques are equal in magnitude 
and slope.  Hah, et al. [5] derived analytical relationships to 
determine the pull-in angle and voltage.  Equations (3)-(5) are 
only valid assuming that the restoring springs are linearly 
deformed in the range of actuation. The pull-in can be 
described by  
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where θPI  is the pull-in angle.  Based on the spring linearity 
assumption, the pull-in angle is independent of the spring 
stiffness.  A pull-in function, PI(θ), is defined to determine the 
pull-in angle, which occurs when PI(θ) is equal to zero. 
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In turn, once the pull-in angle is determined, the pull-in 

voltage can be calculated by the following expression, 
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In order to evaluate the pull-in function and calculate the 

electrostatic torque of the device, the capacitance must be 
determined as a function of the rotation angle.  Because of the 
complex geometry of the vertical comb drives, this may be 
done using a 3-D finite element analysis in ANSYS of one unit 
cell.  The results of this analysis are plotted in Figure 2 along 
with a fourth order polynomial approximation of the data. The 
coefficients for the polynomial curve fit were found using the 
poly-fit command in MATLAB.  The curve fit equation gives 
an approximation of the capacitance as a function of rotation 
angle.   
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where the coefficients of the polynomial are  

 
P = [0.0442  -0.0322  0.0071  0.0004   0.0006]. 

 
The square of the residuals, or R2 value, for this fit is 0.9997, 
indicating it is a good estimate of the data.  In order to 
determine an expression for θ∂

∂C , the derivative of equation (6) 
is taken.  This expression and its derivative may be used in the 
above equations to determine the electrostatic characteristics of 
the device.  A plot of the pull-in function is shown in Figure 3 
and pull-in occurs where the function equals zero at 16.5 
degrees.  Using this value in equation (5), the pull-in voltage is 
46.73 volts. 
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Figure 2.  Capacitance calculation as a function of 
rotation angle, theta, calculated using FEA data and a 

polynomial curve fit. 
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Figure 3. Plot of the Pull-in function PI(θ) showing 

that pull-in occurs at 16.5 degrees. 
 

Now that a relationship for the capacitance is known, the 
electrostatic torque in equation (1) can be calculated.  The  
electrostatic torque is a function of the capacitance and voltage 
only, and therefore equation (1) holds true for the system 
regardless of the spring configuration.  Figure 4 shows the 
electrostatic torque as a function of rotation angle for different 
values of voltage ranging from 10 volts to 100 volts.   The 
straight line on the plot corresponds to the mechanical 
restoring torque of the spring from equation (2).  There is a 
point at which this line runs tangent to the electrostatic torque, 
and this indicates the electrostatic pull-in point.  Pull-in will 
happen at a rotation angle of 16.5°, and a voltage of 46.73 
volts, agreeing with the results calculated from equations (4) 
and (5) respectively.   

To further illustrate the ideas of equilibrium and pull-in, 
two cases are considered.  The first case is an equilibrium 
point, marked on Figure 4 as point “A”.  Here, for an input 
voltage of approximately 32 V, the mirror will maintain a 
static rotation of 10 degrees.  The second case occurs after the 
pull-in point at 18 degrees and is marked on Figure 4 as point 
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“B”.   However, this point cannot physically be achieved 
because the mirror has already been rotated to its final, fully-
actuated position of 19 degrees due to the electrostatic torque 
being greater than the available mechanical restoring torque. 

If the characteristics of the mechanical restoring force can 
be altered such that this pull-in never occurs, then the device 
could operate continuously over its full range of motion from 0 
to 19 degrees.  The following analysis proposes a new design 
for the spring that has a nonlinear restoring force such that the 
stiffness characteristics increase significantly as the spring is 
rotated.  Such a design will be referred to as a progressive 
linkage. 
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Figure 4.  Torque as a function of rotation angle, 
theta, and voltage determined from equation (1) for 

different voltage values.   
 

PROGRESSIVE LINKAGE DESIGN 
The analysis for this design is based on an equivalent four-

bar model as depicted in Figure 5.  The geometric relationships 
between the links are shown in Figure 5(a).  The kinematics of 
the mechanism can be denoted by the following vector sum 
where the vectors denote the position and orientation of each 
side of the mechanism shown in Figure 5.   

 

3102 rrrr −+= .                            (7) 
 

Since the four-bar mechanism is a one-degree-of-freedom 
device, the angles θ2 and θ3 can be described as a function of 
θ1.  That is, the length and orientation of each side can be used 
to determine the relationships of the angles θ2 and θ3.  By 
using the y and z components of the vector 2r , an expression 
for θ2 is given as 
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In order to determine the angle θ3, begin with the relationship 
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Figure 5.  Diagram of four-bar mechanism for 

progressive linkage analysis showing (a) vectors and 
geometry and (b) springs for force and moment 

analysis. 
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Figure 6. The joints of the four-bar can be treated as 

cantilever beams of length L.  
 

 
An expression for θd is found from    
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The angle θ3 is given as 
 

33 γθθ += d .   (12) 
 

To realize this design scheme in a surface micromachined 
device, the design will be subject to the limits and constraints 
of the micromachining process.  Assuming that this 2-D 
representation of the four-bar linkage is created using a series 
of thin beams, kinematically spaced by ri (i = 0,1,2,3), each 
joint may be considered  as a  beam in  torsion that provides a 
restoring force to the system.  A beam of length L with a 
rectangular cross-section, as shown in Figure 6, is used to 
model the stiffness at the joints.  The restoring torque on the 
member can be calculated by 
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for each joint i = 0, 1, 2, 3, where G is the shear modulus and 
Ki are given as  
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The resulting static force and moment equations can be 
determined from the free body diagrams in Figure 7. 

 

∑ =+= 0211 FFFbar                      (17) 

 

∑ =+−= 0322 FFFbar   (18) 

 

∑ =+−= 0033 FFFbar      (19) 

 

∑ =×++−= 021211int FrTTTM SeSjo  (20) 

 

∑ =×−+−= 022322int FrTTM SSjo             (21) 

 

∑ =×−−= 003303int FrTTM SSjo          (22) 

 
The relationships above combine to determine the torque 
output for a progressive linkage design.  
 

 
Figure 7.  Free body diagrams for each member of 

the linkage. 

DESIGN IMPLEMENTATION 
In order to realize the four-bar equivalent approach in a 3-

D surface micromachined device, the design is greatly affected 
by the layers available in the surface micromachining process.  
The polysilicon layer thicknesses in SUMMiTTM V are shown 
in Figure 8.  The layers are separated by sacrificial oxide, not 
shown [7].  The layer thicknesses will in part determine the 
cross-sectional area of the beams.  A schematic of the proposed 
progressive linkage design is shown in Figure 9.  This 
implementation of the four-bar design includes flexible beam 
members, and it is as yet unclear how the bending of these 
members will affect the device performance.   
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Figure 8.   Polysilicon layers in SUMMiTTM V surface 

micromachining separated by sacrificial oxide layers. 
 
 

 

 
Figure 9.  Schematic of progressive linkage (a) by 

itself and (b) attached to mirror device. 
 

The dimension of the mechanism that is the easiest to 
change is the horizontal distance separating the anchor points 
of the device, referred to above as 0r .  Because of the planar 
fabrication requirements of surface micromachining, the 
diagonal top member of the four-bar device, 2r , can be 
acquired via a kinematically equivalent L-shaped beam.   

Figure 10 shows the output of the progressive linkage for 
different values of 0r .  For a value of 0r  less than 10 µm, the 
structure will be very stiff and the mirror will not be able to 
fully rotate.  This is seen for values of 0r  equal to 4, 6, and 8 

µm.  As the value of 0r  is increased, the structure becomes 
more compliant.  Figure 11 shows plots of the behavior of the 
progressive linkage for 0r  equal to 10 µm overlaying the 
electrostatic torque curves from Figure 4.  The linear restoring 
force from Figure 4 is also included for comparison.   The 
progressive linkage behavior does not at any point run tangent 
to the electrostatic torque curves, and therefore does not 
exhibit pull-in behavior.  As before, point “A” is shown on the 
plot to represent an equilibrium point for both springs at 10 
degrees and approximately 32 volts.  Point “B”, which occurs 

after the pull-in  point,  shows  that  a   static  rotation  of  18  
degrees  is physically unattainable for the linear spring design.  
As a comparison for the progressive linkage design, point “C” 
represents static equilibrium 18 degrees. The progressive 
linkage is able to achieve static equilibrium for the full range 
of motion.  The cost of this extended actuation range is that 
larger voltages are required. 
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Figure 10.  Progressive-linkage behavior for different 
values of 0r  in µm. 

 

0 2 4 6 8 10 12 14 16 18 20
0

25

50

75

100

125

150

Theta [degrees]

T
or

qu
e 

[p
N

-µ
m

]

  
 

Figure 11.  Progressive linkage output for 0r  equal to 
10 µm along with the electrostatic torque curves and 

the linear restoring torque. 
 

CONCLUSIONS  
The analysis presented here identifies the torque 

characteristics of a one-degree of freedom vertical comb drive 
mirror as a function of rotation about its axis.  The current 
design with a linear restoring force is predicted to experience 
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pull-in at 16.5°, thus losing a portion of its full scanning range 
of 0 to 19 degrees.  From this information, a progressive-
linkage is designed to create a mechanical restoring force on 
the system that does not suffer from pull-in.  The proposed 
design is based on a four-bar mechanism in which each joint 
has stiffness characteristics.  A series of these designs are 
currently being fabricated in the SUMMiTTM V process at 
Sandia National Laboratories.  Future work includes finite 
element model validation for this proposed design, 
experimental testing, and examining the ability of the 
progressive linkage to eliminate hysteresis associated with 
electrostatic instability. 
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