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Abstract

This paper aims to determine the material constants for micromorphic isotropic elastic solid through the

phonon dispersion relations from atomistic calculations or experimental measurements. A specialized

micromorphic theory for crystal without external modes, such as covalent and ionic crystals, is introduced.

The constitutive relations for cubic crystal are derived, and the phonon dispersion relations are obtained.

The numerical algorithm to determine the material constants is presented. The material constants for single

crystal silicon and diamond are determined and presented.

� 2003 Elsevier Science Ltd. All rights reserved.

1. Introduction

The dynamics of atoms in crystals––lattice dynamics––are basic to solid state physics. It turned
out to be most readily described in terms of traveling waves, named lattice vibrations by Born and
von Karman [2]. These waves are the normal modes of vibration of the system. The frequency-
wave vector relationship is called the phonon dispersion relation. The phonon dispersion relation,
as a fundamental ingredient in the theory of lattice dynamics, has been studied by quantum
mechanical methods or by phenomenological methods through interatomic force models. Both
are able to yield very good results for a number of materials. The experimental measurements of
phonon dispersion curve xðkÞ have played a very important role in lattice dynamics, opened the
possibility of obtaining detailed information about the interatomic forces and determining the
parameters, and thus marked a new era in dynamics of crystal lattice.
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The analog of interatomic force is the constitutive relation in continuum theory, which serves to
distinguish one material from another. It follows that the phonon dispersion relations can also be
calculated through the constitutive relations of a material by a continuum model if the model can
manifest the dynamics of atoms in crystals. This therefore provides a bridge to link the inter-
atomic force to the constitutive relations, and a way to determine the material constants in the
continuum theories.

Micromorphic theory, developed by Eringen and Suhubi [6] and Eringen [7], envisions a ma-
terial body as a collection of a large number of deformable particles. Each particle possesses finite
size and directions representing its microstructure. The particle has nine independent degrees of
freedom describing both stretches and rotations, in addition to the three classical translational
degrees of freedom of its center. The deformable particle may be considered as a polyatomic
molecule, a unit cell of a crystalline solid, or a chopped fiber in a composite, etc. By taking the
microstructure and the micromotion into consideration, micromorphic theory has dramatically
enlarged the application region of continuum theory to the microscopic space and time scales. On
the one hand there is an emerging need of continuum theories that can be applied to microscopic
scales. On the other hand, the unavailability of material constants has been a barrier for these
theories to go to full application.
Motivated by the ability of utilizing phonon dispersion relations to determine the interatomic

force constants, this paper aims to find the material constants in micromorphic theory through
atomistic calculations or experimental measurements of phonon dispersion relations of crystal.
Wish this attempt could draw attentions of researchers in the field of crystal dynamics so that
material constants in micromorphic theory for more crystals can be determined. Also, wish the
material constants presented in this paper can be further verified from other viewpoints or
through other atomistic theories or experimental measurements.

2. Crystal dynamical foundation of micromorphic theory

2.1. Basic feature of crystal dynamics

Crystal distinguishes itself from other materials by its periodical array of atomic structure. The
dynamics of atoms are described by the acoustic and optical phonons. For a unit cell with m
molecules and with f atoms per molecule, there will be three acoustic modes and 3mf � 3 optical
modes, of which 3mðf � 2Þ will be the internal modes (motions within the unit cell). Acoustic
phonons are the translational vibrations. Optical phonons are either vibrational modes within the
unit cell or the rotational modes of the unit cell.
The long-wavelength acoustic vibrations are the physical foundation of macroscopic elastic

theory. While optics is a phenomenon that necessitates the presence of an electromagnetic (EM)
field. Under an EM field it is the optical modes that are excited. In an optical vibration of
noncentral ionic crystal, atoms of one type move as a body against the atoms of the other type.
The relative displacement between the positive and negative ions gives rise to the macroscopic
phenomenon: piezoelectricity. The energy of a crystal involves both the acoustic and optical vi-
brations. Differentiating energy with respect to temperature yields the macroscopic property:
specific heat. Application of a temperature gradient across a solid excites the elementary excita-
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tions that conduct heat from the hotter to the colder end of the specimen. In metals both electrons
and phonons play their role. In dielectrics or intrinsic semiconductors almost all heat is conducted
by phonons (heat conduction). Also, phonon scattering mechanisms give rise to thermal resistance

(i.e., a finite thermal conductivity). In the language of continuum physics, it is seen that phonon
study is a base to understand the coupling effect between thermal, mechanical, electrical, and
optical properties.
Only vibrations of long wavelengths are of special importance in considering those coupling

effect (Born and Huang [3]). In general an EM wave interacts only with lattice vibrations of the
same wavelength, and will be strongly affected only if its frequency is near that of the latter. The
frequencies of lattice vibrations are generally in the range from 0 to 1013 Hz. Light waves of
similar frequencies have wavelengths larger than c10�13 ¼ 0:003 cm (c is the speed of light), which
are enormously large compared with the lattice constants of crystal. Therefore the lattice vibra-
tions that can interact appreciably with light are very long waves, and only the long waves will
concern us in the discussion of the coupling between mechanical, EM and optical behaviors of
crystals.

2.2. Crystal type and the interatomic force

The interatomic forces, the analogy of constitutive relations, depend on the type of binding
between the atoms. For the solid inert gases, the interatomic forces include the weak van der
Waals attractive forces and the repulsive forces between pairs of neutral atoms. In metals the
atomic cores (nuclei plus the tightly bound inner electrons) are surrounded by a more-or-less
uniform density of free electrons, which give metals their electrical conductivity. One of the main
features of the interatomic forces for metallic crystal is the nonlocal character. It has been re-
peatedly stressed that the nonlocality should be retained in the model potential for an accurate
calculation (Shaw and Pynn [10], Bertoni et al. [1], Taylor and MacDonald [11], Grimvall [8]).
In ionic crystals, strong Coulomb forces and short-range repulsive forces operate between the

ions, and the ions are polarizable. In the course of a lattice vibration, the electric field setup by the
displacement of the ions is modified by the electronic polarizability, and this modifies the forces
and affects the phonon frequencies. The covalent bond in covalent crystal is usually formed from
two electrons, one from each atom participating in the bond. These electrons tend to be partially
localized in the region between the two atoms and constitute the bond charge. The shell model
with 14 parameters gave quite good descriptions for both ionic and covalent crystals (Bruesch [4]).
In this model each ion is regarded as being composed of a rigid core and a charged shell that is
bound to the core and can be displaced relative to the core. The success of the shell model for both
crystals underlies some similarity between ionic and covalent solids.
In molecular crystal or crystal containing complex ions, there is usually a large difference be-

tween the frequencies of modes in which the molecules move as rigid units (the external modes)
and the modes that involve the stretching and distortion of the molecules (the internal modes). It
is often possible to separate the internal vibrations from the external vibrations. In what is termed
framework structure crystal some rather rigid units, such as tetrahedral, octahedral or planar
triangles, form a continuous network by sharing corner atoms between adjacent units. Examples
are many alumino-silicate containing AlO4 and SiO4 tetrahedral and perovskites containing XO6

octahedral. The basic feature of the framework structure is that the units are very stiff but linked
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flexibly to each other at the corner atoms. They are in many respects similar to molecular crystals
in that they are composed of rigid groups. The characteristics of their phonon dispersion relations
is the soft modes, which also called ‘‘rigid unit modes’’, can propagate with no distortion of the
units.
The lattice dynamics views crystal as a periodic array of atoms. For covalent, ionic, and mo-

lecular crystals, each lattice point associates with a basis containing more than one atom, which
form a primitive unit cell. The unit cell can be viewed as the inner structure attached to each lattice
point. Phonon dispersion relations have confirmed the presence of the optical vibrations in those
crystals, which is the atomic motion within the primitive unit cell.
These lattice dynamical features lead naturally to an approximated continuum model of a

lattice where the particles are attached with a microstructure and considered to be of finite size
and orientation, and thus each lattice point is characterized not only by a mass but also by a
moment of inertia. Obviously, the equilibrium configuration is defined together by the positions
and orientations of particles for minimizing the energy of deformation. This is the physical picture
of the micromorphic theory. The phonon dispersion relations provide a bridge to link the lattice
dynamics to this continuum model, to relate the interatomic forces to the constitutive relations,
and provide a way to determine the material constants for the micromorphic theory.

3. Specialized micromorphic theory

3.1. General micromorphic theory for linear isotropic elastic solid

Recall the balance laws of micromorphic theory [7]

_qq þ qvk;k ¼ 0; ð1Þ

_iikl ¼ ikmtlm þ ilmtkm; ð2Þ

tkl;k þ qðfl � _vvlÞ ¼ 0; ð3Þ

mklm;k þ tml � sml þ qðllm � rlmÞ ¼ 0; ð4Þ

q _ee ¼ tklðvl;k � tlkÞ þ skltlk þ mklmtlm;k þ qk;k þ qh; ð5Þ

where f is the body force, l the body couple, r ¼ ð_tt þ t � tÞ � i is the spin inertia; t the Cauchy
stress, m the moment stress, s the microstress average; q the mass density, i the microinertia, e the
internal energy, v the velocity, t the gyration tensor, q the heat flux, and h the heat source. For
micromorphic elastic solid, the constitutive relations can be obtained as

tij ¼
oW
oeij

; ð6Þ

sij ¼ sji ¼
oW
oeij

; ð7Þ
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mijk ¼
oW
ocijk

; ð8Þ

where W is the strain energy density function. For linear elastic solid, W is expanded as quadratic
polynomials in strains as

W ¼ 1

2
aijkleijekl þ

1

2
bijkleijekl þ

1

2
cijklmncijkclmn þ dijkleijekl þ eijklmeijcklm þ fijklmeijcklm; ð9Þ

and the linearized strains are related to the displacements and micromotions as

eij ¼ uj;i � /ji; ð10Þ

eij ¼ eji ¼
1

2
ð/ij þ /jiÞ; ð11Þ

cijk ¼ /jk;i: ð12Þ

The material property tensors have the following symmetric relations

aijkl ¼ aklij; ð13Þ

bijkl ¼ bklij ¼ bjikl ¼ bijlk; ð14Þ

cijklmn ¼ clmnijk; ð15Þ

dijkl ¼ dijlk; ð16Þ

fijklm ¼ fjiklm: ð17Þ

For isotropic solid, the odd order material property tensors should vanish and the even order
material property tensors should be homogeneous linear functions of the products of Kronecker
deltas, there results

eijklm ¼ fijklm ¼ 0; ð18Þ

aijkl ¼ a1dijdkl þ a2dikdjl þ a3dildjk; ð19Þ

bijkl ¼ b1dijdkl þ b2ðdikdjl þ dildjkÞ; ð20Þ

dijkl ¼ d1dijdkl þ d2ðdikdjl þ dildjkÞ; ð21Þ

cijklmn ¼ c1dijdkldmn þ c2dijdkmdln þ c3dijdkndlm þ c4dikdjldmn þ c5dikdjmdln þ c2dikdjndlm

þ c7dildjkdmn þ c8dildjmdkn þ c9dildjndkm þ c4dimdjkdln þ c11dimdjndkl

þ c12dimdjldkn þ c1dindjkdlm þ c14dindjmdkl þ c11dindjldkm: ð22Þ
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Furthermore, the first term in the balance law of moment of momentum, Eq. (4), can be written
as

mklm;k ¼ cklmijncijn;k ¼ cklmijn/jn;ik; ð23Þ

the symmetry of the indices i and k implies

cklmijn ¼ cilmkjn: ð24Þ

This leads to

c1 ¼ c4; c3 ¼ c12; c2 ¼ c11; c5 ¼ c14: ð25Þ

The stresses can thus be obtained as

tij ¼ aijklekl þ dijklekl ¼ a1dijekk þ a2eij þ a3eji þ d1dijekk þ d2ðeij þ ejiÞ; ð26Þ

sij ¼ bijklekl þ dklijekl ¼ b1dijekk þ b2ðeij þ ejiÞ þ d1dijekk þ d2ðeij þ ejiÞ; ð27Þ

mijk ¼ cijklmnclmn

¼ c1dijckmm þ c2dijcmkm þ c3dijcmmk þ c1dikcjmm þ c5dikcmjm þ c2dikcmmj þ c7djkcimm

þ c8cijk þ c9cikj þ c1djkcmim þ c2ckij þ c3cjik þ c1djkcmmi þ c5ckji þ c2cjki: ð28Þ

Therefore, for isotropic elastic solid the stress–strain relations in micromorphic theory involve 14
material constants.

3.2. Specialized micromorphic theory for covalent and ionic crystals

As mentioned in Section 2, in molecular crystal or crystal containing complex ions, both in-
ternal modes (the stretching and distortion of the molecules) and external mode (molecules move
as rigid units) may exist. While for a lot of solid crystallines, the atomic motion involves no
external modes. Examples include metallic, covalent and ionic crystals, i.e., materials like silicon,
diamond, germanium, ZnO, NaCl, et al. The phonon dispersion relations only present the internal
modes. With the absence of external rotational modes, the deformable particle thus only has six
independent degrees of freedom describing the stretches within the microstructure in addition to
the three translational degrees of freedom of its center. It is macroscopically homogeneous cor-
responding the periodic character of crystal. The microdeformation tensor and the gyration tensor
are then symmetric, i.e.,

/½kl� ¼ t½kl� ¼ 0: ð29Þ

The energy equation becomes

q _ee ¼ tklðvl;k � tlkÞ þ skltlk þ mkðlmÞtlm;k þ qk;k þ qh: ð30Þ
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It means, even if it exists, mk½lm� does not contribute to the energy equation, nor to the strain energy
density function. This implies

mk½lm� ¼ 0; ð31Þ

which results

t½lm� ¼ qðl½lm� � r½lm�Þ: ð32Þ

c2 ¼ c3 ¼ c5; c8 ¼ c9: ð33Þ

Now it is worthwhile to recall that the famous micropolar theory starts with the assumption

/ðklÞ ¼ tðklÞ ¼ 0: ð34Þ

Micropolar theory thus describes the atomic motion with external vibrational modes, i.e., the rigid
unit modes, while the internal modes, the stretches and distortion of microstructure, are excluded.
On the other hand, the specialized micromorphic theory describes the stretches and distortion of
the microstructure, while the rigid rotational modes are excluded. It is a special case of the general
micromorphic theory, and is valid for applications to covalent and ionic crystal, or crystals do not
involve rigid rotational modes.

3.3. Phonon dispersion relations

For cubic crystal, it is spin-isotropic initially, i.e.,

IKL ¼ jdKL: ð35Þ

Under the assumptions of small macromotion and small micromotion, the balance laws of mass
and microinertia can be approximated as:

qo ¼ q detðxk;KÞ ffi q; ð36Þ

ikl ¼ IKLvkKvlL ¼ jdKLvkKvlL ¼ jvkKvlK ffi jdkKdlK ¼ jdkl; ð37Þ

which leads to

rkl ¼ imlð _ttkm þ tkntnmÞ ¼ jð _ttkl þ tkntnlÞ ¼ rlk: ð38Þ

The approximation made in Eq. (37) can also be reasoned as follows. Let the microinertia be
decomposed into two parts:

iklðx; tÞ ¼ jdkl þ jklðx; tÞ; ð39Þ

where j is a constant and jkl is small comparing to j so that the higher order terms can be
neglected, i.e., Eq. (2) can be rewritten as
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djkl
dt

¼ jðtkl þ tlkÞ þ jkmtlm þ jlmtkm ffi jðtkl þ tlkÞ; ð40Þ

which may be further approximated as

jkl ¼ jð/kl þ /lkÞ: ð41Þ

It says if the micromotion, /kl, is small, then indeed jkl is small in comparison with j. After higher
order terms being neglected, it follows that the spin inertia, r, becomes symmetric.
In the absence of EM field or body couple, l½lm� ¼ 0, Eqs. (32), (38) implies

t½lm� ¼ 0: ð42Þ

The symmetry of the Cauchy stress tensor requires a2 ¼ a3. Now the following constitutive
relations with 10 material moduli are obtained for cubic crystal in the absence of body couple:

tij ¼ a1dijekk þ a2ðeij þ ejiÞ þ d1dijekk þ d2ðeij þ ejiÞ; ð43Þ

sij ¼ b1dijekk þ b2ðeij þ ejiÞ þ d1dijekk þ d2ðeij þ ejiÞ; ð44Þ

mijk ¼ c1dijckmm þ 2c2dijcmkm þ c1dikcjmm þ 2c2dikcmjm þ c7djkcimm þ 2c8cijk þ 2c1djkcmim

þ 2c2ckij þ 2c2cjik: ð45Þ

Assume harmonic waves propagating along the X -direction, which are expressed as

ui ¼ iUie
iðkx�xtÞ; /ij ¼ Uije

iðkx�xtÞ: ð46Þ

The phonon dispersion relations can be obtained and grouped as follows:

(1) LA, LO1, LO2 (longitudinal acoustic, optical and dilatational optical waves)

A11k2 � qox2 A12k A13k
A12k A22k2 þ B22 � 3

2
qojx2 A23k2

A13k A23k2 A33k2 þ B33 � 3qojx2

������
������
U1

Ud
11

U

������
������ ¼ 0; ð47Þ

(2) TA, TO1 (transverse acoustic and optical waves)

���� �AA11k2 � qox2 A12k
A12k �AA22k2 þ �BB22 � 2qojx2

���� U2 U3

U12 U13

����
���� ¼ 0; ð48Þ

(3) TO2 (transverse optical wave)

2ð�AA22

�
� A22Þk2 þ

2

3
B22 � qojx2

�
ðU23;U22 � U33Þ ¼ 0; ð49Þ
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where U 
 1
3
ðU11 þ U22 þ U33Þ, Ud

11 
 U11 � U, and

A11 ¼ a1 þ 2a2;

A12 ¼ 2a2 � 2d2;

A13 ¼ 3a1 þ 2a2 � 3d1 � 2d2;

A22 ¼ 8c2 þ 3c8;

A23 ¼ 6c1 þ 8c2;

A33 ¼ 12c1 þ 8c2 þ 9c7 þ 6c8;

�AA11 ¼ a2;

�AA22 ¼ 8c2 þ 4c8;

�BB22 ¼ 4ða2 þ b2 � 2d2Þ;
B22 ¼ 3ða2 þ b2 � 2d2Þ;
B33 ¼ 9a1 þ 6a2 þ 9b1 þ 6b2 � 18d1 � 12d2:

ð50Þ

It is seen that the phonon dispersion relations involve all the 10 material moduli. The com-
pleteness of the solutions for material constants determined through phonon dispersion relations
is then guaranteed.

4. Numerical algorithm for the determination of material constants

From Section 3 it is noticed that the phonon dispersion relation for cubic crystal involves all the
10 material moduli, let

X ¼ fa1; a2; b1; b2; d1; d2; c1; c2; c7; c8g; ð51Þ

be the design variable vector. The collection of all experimental data or data resulted from ato-
mistic theories is denoted as

x ¼ fxðkm; nÞg; ð52Þ

where xðkm; nÞ is the measured frequency of the n-th branch of the phonon dispersion relations at
the wave vector km. In general, there are nine branches of phonon dispersion relations in aniso-
tropic micromorphic solid, it is degenerated to six branches, namely, LA, LO1, LO2, TA, TO1,
TO2, in isotropic case. The problem of finding the material constants in micromorphic elasticity is
then transformed into a constrained optimum design problem, which may be stated as follows.
Find X to minimize the cost function

f ðXÞ ¼
X

xðX ; km; nÞ½ � xðkm; nÞ�2 ð53Þ
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subjected to the constraint that the strain energy density function W in Eq. (9) is nonnegative for
all strain measures, e; e; c, i.e.,

W ¼ 1

2
e0KðXÞeP 0: ð54Þ

In Eq. (54), xðX; km; nÞ is the theoretical frequency of the n-th branch at wave vector km, obtained
by solving the eigenvalue problems, Eqs. (47)–(49), based on the design variable vector X; e is the
contracted vector form of the strains; KðXÞ is the corresponding symmetric matrix made of the
material constants. The constraint, Eq. (54), may be transformed into a number of inequalities in
the form of

gðXÞP 0; ð55Þ

of which the details are given by Smith [9] and Eringen [7].

5. Determining material constants for diamond structure crystal

The diamond structure crystal dominates the semiconductor industry. The elemental semi-
conductors (Si, Ge, and gray Sn) share this structure. The tetrahedral bonding of the diamond
structure is shown in Fig. 1. A primitive basis of two identical atoms is associated with each lattice
points. Each atom has four nearest neighbors and twelve next nearest neighbors. The periodic
array of the primitive unit cells is macroscopically homogenous and isotropic. Theoretical cal-
culations as well as experimental measurements of their phonon dispersion relations have been
widely reported. The phonon dispersion relations calculated by atomistic methods, as well as by
the experimental measurements, are shown in Fig. 2 for silicon, and Fig. 3 for diamond.
With two atoms in a primitive unit cell, the phonon dispersion relation only has six branches,

among which the transverse branches are double. For longitudinal vibrations, U22 ¼ U33 ¼ 0, and
only U1 and U11 will be excited. This leads to

Fig. 1. Diamond cubic unit cell atoms/conventional unit cell: 4þ 6� 1=2þ 8� 1=8 ¼ 8. Atoms/primitive unit cell:

1þ 4� 1=4 ¼ 2. For typical semiconductor: C, Si, Ge, Sn.
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a1 ¼ b1 ¼ d1; ð56Þ

c1 ¼ � 1

2
c7: ð57Þ

For transverse vibrations, the optical branch U23 is a consequence of the presence of U12 and U13,
and the frequency-wave vector relationship matches automatically with that of U12 or U13.
The number of involved elastic moduli now reduces to seven. The phonon dispersion relations

of diamond structure crystal involve all the seven elastic moduli plus the material properties,
namely, the mass density, the microinertia, and the maximum wave vector (Kmax) at the Brillouin
zone (BZ) boundary. Those material properties can be decided through the information of the
atomic structure and are listed in Table 1.
In this work the seven material moduli are determined by performing the optimization algo-

rithm to match the phonon dispersion relations in (1) the whole BZ, (2) the half BZ, and (3) the
half BZ with exact fitting to the initial slopes of the frequency-wave vector curves. The obtained
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Fig. 2. Phonon dispersion relations of silicon. Solid line: shell model ([Cochran [5]). Dot line: ab initio (Van Camp etc.
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material moduli are listed in Table 2 for both silicon and diamond. For the purpose of verifi-
cation, the corresponding longitudinal and transverse sound wave speeds are also listed in Table
2. The phonon dispersion relations based on the obtained material moduli are shown in Figs. 4
and 5 (a, b, c), respectively.

6. Discussions

6.1. Completeness and uniqueness of the solution

The phonon dispersion relations involve all the material moduli, 10 for general cubic crystal
and seven for diamond structure crystal, the completeness of the solution for all the material
moduli is therefore guaranteed.
The numerical algorithm for finding the material constants is an optimization process, which

searches toward the optimum value and yields the results within the specified error tolerance and
is independent of the initial trial. Hence the solution is unique for any given input, i.e., the given
frequency-wave vector relations in a specific region of wave vector. On the other hand, the mi-
cromorphic theory is not equal to the atomistic theory of crystal dynamics, it is an approximated

Table 1

Structural properties of silicon and diamond

Silicon Diamond

Atomic weight 28.086 12.011

Atomic mass 4:6623� 10�26 kg 1:9938� 10�26 kg

Lattice constant a ¼ 0:543 nm a ¼ 0:356 nm

The maximum wave vector at BZ kmax ¼ 2p=a ¼ 11:571 nm�1 kmax ¼ 2p=a ¼ 17:649 nm�1

Mass density q ¼ 8m=a3 ¼ 2330 kg/m3 q ¼ 8m=a3 ¼ 3535 kg/m3

Microinertia density j ¼ a2=32 ¼ 0:921� 10�2 nm2 j ¼ a2=32 ¼ 0:396� 10�2 nm2

Table 2

Elastic moduli of silicon and diamond

Silicon (Fitting initial

slopes and in half

BZ)

Silicon (Fitting in

half BZ)

Diamond (Fitting

initial slopes and in

half BZ)

Diamond (Fitting in

half BZ)

a1 ¼ b1 ¼ d1 0.3848E)07 N/nm2 0.6563E)07 N/nm2 0.2257E)07 N/nm2 0.1238E)07 N/nm2

a2 0.6872E)07 N/nm2 0.8214E)07 N/nm2 0.5530E)06 N/nm2 0.5800E)06 N/nm2

b2 0.2470E)06 N/nm2 0.2945E)06 N/nm2 0.1295E)05 N/nm2 0.1365E)05 N/nm2

d2 0.1043E)06 N/nm2 0.1351E)06 N/nm2 0.7021E)06 N/nm2 0.7499E)06 N/nm2

c1 ¼ � 1
2
c7 0.3260E)09 N 0.2841E)09 N 0.8269E)09 N 0.8279E)09 N

c2 )0.4444E)10 N )0.8882E)10 N )0.7146E)10 N )0.9517E)10 N

c8 )0.5951E)09 N )0.5649E)09 N )0.8910E)09 N )0.8946E)09 N

vL 8689 m/s 9933 m/s 17868 m/s 18211 m/s

vT 5431 m/s 5937 m/s 12507 m/s 12809 m/s
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continuum treatment. As it can be seen from Figs. 4 and 5, there is no significant difference in the
resulted phonon dispersion relations for fitting the frequencies in the whole BZ, in the half BZ, or
in the half BZ with exact fitting to the initial slopes. However, it is found that the material moduli
can have obviously different values. This implies the region of the applicability of the micro-
morphic theory. An extension of the applicability region will result in a loss of accuracy.
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6.2. Accuracy of the solution

As it is found in the numerical study in this work, the material moduli are very sensitive to the
phonon dispersion curves. Therefore, the accuracy is highly dependent of the accuracy of the

0

7

14

21

28

35

42

0 0.25 0.5 0.75 1

0

11

22

33

44

0 0.1 0.2 0.3 0.4 0.5

0

11

22

33

44

0 0.1 0.2 0.3 0.4 0.5

Reduced Wave Vector (K/Kmax)

Reduced Wave Vector (K/Kmax)

Reduced Wave Vector (K/Kmax)

Fr
eq

ue
nc

y 
(T

H
z)

Fr
eq

ue
nc

y 
(T

H
z)

Fr
eq

ue
nc

y 
(T

H
z)

LO

LO

LO

TO

TO

TO

LA

LA

LA

TA

TA

TA

(a)

(b)

(c)

Fig. 5. (a)Phonondispersion relationsofdiamondbyspecializedmicromorphic theorywithfitting inwholeBZ.Solid lines:

SMT; Symbols: experimental data. (b) Phonon dispersion relations of diamond by specialized micromorphic theory with

fitting in half BZ solid lines: SMT; Symbols: experimental data. (c) Phonon dispersion relations of diamond by specialized

micromorphic theory with fitting in half BZ and the exact initial slopes solid lines: SMT; Symbols: experimental data.

884 Y. Chen, J.D. Lee / International Journal of Engineering Science 41 (2003) 871–886



available data from either atomistic calculations or experimental measurements. For example,
there is obvious difference between the ab initio calculations and the experimental measurements,
as it is seen in Fig. 2. Hence, the ab initio calculations and experimental measurements for silicon
would give quite different material moduli. Also, it is obvious that the micromorphic theory is
more accurate in the long-wavelength region, it is less accurate as the wavelength goes down to the
order of lattice constant. Another factor that may also influence the accuracy is the numerical
method. The accuracy may be improved from a better data-fitting algorithm.

6.3. Applicability

The classical continuum theory is the long acoustic wavelength limit of lattice dynamics. By
considering the acoustic modes and taking the limit as k ! 0, the elastic constants can be obtained
as

C11 ¼ lim
k!0

qoðxL=kÞ2; ð58Þ

C44 ¼ lim
k!0

qoðxT=kÞ2: ð59Þ

So, the classical continuum theory is only valid for elastic waves of very long wavelengths, cor-
responding to large length and time scales, and predicts properties independent of specimen size.
Also, from the viewpoint of optical vibrations and the consequence of optical vibrations, the
classical continuum theory is not suited for applications involving the coupling between me-
chanical, EM and optical behaviors.
On the other hand, micromorphic theory describes all the acoustic and optical vibrations.

Hence, the entire frequency region can be reached for diamond structure crystals. This dramat-
ically extends the application region to a time scale in accordance with lattice dynamics. Also, as it
can be seen from this study, within the region of half BZ, phonon dispersion relations from ex-
perimental measurements and micromorphic theory can be matched almost perfectly. The mi-
cromorphic theory thus extends the wavelength region down to two times of the lattice constant.
This is in the scale of nanometers. Still it is far away from the short-wavelength scales that lattice
dynamics applies. However, it has been pointed out by Born and Huang [3] that only the long
waves will concern us in the coupling between mechanical, EM and optical behaviors of crystals.
It is therefore believed that micromorphic theory has the great promise and enough accuracy in
describing those coupling effects and in applications to physical problems in microscopic to
nanoscopic length scales.

6.4. Future work

The general micromorphic theory has been specialized for the applications to crystal without
external modes, such as covalent and ionic crystals. The constitutive relations, as well as the
material constants, for cubic diamond structure crystals have been studied in this paper. The
hexagonal crystal, such as quartz, corresponding to anisotropic material in the language of
continuum mechanics, is an ongoing case in the study.
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Micromorphic theory takes the atomic microstructure and the dynamics of atoms into con-
sideration. The phonon dispersion relations from atomistic calculations and/or experimental
measurements provide the means to examine its applicability in microscopic physics and to de-
termine its material constants. The determination of its material constants is a crucial step for-
ward for this theory going into practical applications. Its great promise will be demonstrated in
the applications in semiconductor physics, MEMS, and other microsystems. Wish that the ma-
terial constants presented in this paper can be further verified through those applications or
through other atomistic theories or experimental measurements.
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