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Multiscale modeling of polycrystalline silicon
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Abstract

Polycrystalline solid is composed of randomly distributed grains and grain boundaries. The size of grains

is usually in the nano/micro-scale. In this paper, the general micromorphic theory, as well as a specialized

micromorphic theory for covalent and ionic crystals, is introduced. A statistical model for polycrystalline

material is adopted. Each grain is modeled as crystallized solid by micromorphic theory, while the grain

boundaries are modeled as in its amorphous phase by classical continuum theory. Size-dependent material

properties of silicon are investigated. Finite element analysis of thermomechanical coupling phenomenon in

polycrystalline silicon is performed and numerical results are presented and discussed.

� 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Atomic view of a crystal is a periodic arrangement of local atomic bonding units. Each lattice
point defines the location of the center of the unit. The space lattice is macroscopically homo-
geneous. Embedded in each lattice point is a group of bonded atoms, which form the smallest
structural unit of the crystal. The structure of the unit together with the network of lattice points
determines the crystal structure and the physical properties of the material.

In crystals that have more than one atom in the primitive unit cell, the elastic distortions give
rise to wave propagation of two types. In the acoustic type, all the atoms in the unit cell move
in essentially the same phase, resulting in the deformation of lattice, usually referred to as
*
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homogeneous deformation. In the optical type, the atoms move within the unit cell, leave the
lattice unchanged, contribute to the discrete feature of an atomic system, and give rise to the
internal deformations. There are two length/time scales associated with the atomic displace-
ments. The lattice deformation is homogeneous up to the point of structural instability; it is in
the low and audible frequency region, and its length scale can be from sub-nano to macro-
scopic. The internal deformation measures the displacements of atoms relative to the lattice; it is
in the high frequency region, typically in the infrared, and its length scale is less than a
nanometer.

The lattice dynamical features lead naturally to a micro-continuum model of a lattice where
each lattice point is the center of a particle with inner structure and finite size. The particle is
characterized not only by a mass but also by a moment of inertia. The deformation of the particle
yields both homogeneous lattice strain and microscopic internal strains. This is the physical
picture of the micromorphic theory [1,2]. By taking the inner structure and the internal defor-
mation of a particle into consideration, micromorphic theory has dramatically enlarged the
application region of continuum theory to microscopic space and time scales, and is able to de-
scribe multiple length/time scale material behavior. Phonon dispersion relationship has provided a
bridge to link lattice dynamics to this continuum model, to relate the interatomic forces to the
constitutive relations, and has provided a way to determine the material constants for the mi-
cromorphic theory [3,4].

A macroscopic polycrystalline solid is composed of randomly distributed grains and grain
boundaries. The size of grains is usually in nano/micro-scale, and has a remarkable effect on the
overall material behavior. Within each grain, the atomic motion gives rise to continuum lattice
deformation from nano to micro-scale, and noncontinuum internal deformation below nanoscale.
The material behavior of polycrystalline solids is indeed multiscale in nature. While classical
continuum theory is not well suited for the description of the mutiscale behavior of polycrystalline
materials; the atomistic simulation of thermal mechanical coupling phenomena of polycrystalline
materials has been a very challenging problem. This is the field of micromorphic theory. When
used properly, micromorphic theory bears fruits that cannot be harvested by means of either
atomic model or classic continuum mechanics. The objective of this paper is to model the mul-
tiscale material behavior of polycrystalline silicon through micromorphic theory.
2. Introduction to micromorphic theory

2.1. General micromorphic theory for linear isotropic thermoelastic solid

In the general micromorphic theory, a material body is envisioned as a continuous collection of
deformable particles; each has nine independent degrees of freedom describing the stretches and
rotations of the particle, in addition to the three classical translational degrees of freedom of its
center. The particle may be considered as a polyatomic molecule, a primitive unit cell of a
crystalline solid, or a chopped fiber in a composite, etc. The basic equations that governs the time
evolution of material behavior are the balance laws [2]:
_qþ qvk;k ¼ 0; ð1Þ
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dikl
dt

¼ ikmtlm þ ilmtkm; ð2Þ

tkl;k þ qðfl � _vlÞ ¼ 0; ð3Þ

mklm;k þ tml � sml þ qðllm � rlmÞ ¼ 0; ð4Þ

q _e ¼ tklðvl;k � tlkÞ þ skltlk þ mklmtlm;k þ qk;k þ qh; ð5Þ
where f is the body force, l the body couple, t the Cauchy stress, m the moment stress, s the micro-
stress average, q the mass density, i the micro-inertia, e the internal energy, v the velocity, t the
gyration tensor, q the heat input, and h the heat source; the spin inertia is defined as
rkl ¼ imlð_tkm þ tkntnmÞ: ð6Þ
For orthotropic and isotropic micromorphic thermoelastic solid, the constitutive relations are
obtained as [2]:
tij ¼ �aijT þ Aijklðul;k � /klÞ þ Eijkl/ðklÞ

¼ �boTdij þ ðkur;r þ t/rrÞdij þ lui;j þ ðlþ jÞuj;i þ r/ij þ ðr� jÞ/ji; ð7Þ

sij ¼ �bijT þ Eklijðul;k � /klÞ þ Bijkl/ðklÞ

¼ �b1Tdij þ ½ðkþ tÞur;r þ ðtþ sÞ/rr�dij þ ðlþ rÞðui;j þ uj;iÞ þ ðrþ 1Þð/ij þ /jiÞ; ð8Þ

mklm ¼ Clmknpq/np;q

¼ s1ð/kr;rdlm þ /rr;ldkmÞ þ s2ð/rk;rdlm þ /rr;mdklÞ þ s3/rr;kdlm þ s4/lr;rdkm

þ s5ð/rl;rdkm þ /mr;rdklÞ þ s6/rm;rdkl þ s7/lm;k þ s8ð/mk;l þ /kl;mÞ þ s9/lk;m

þ s10/ml;k þ s11/km;l; ð9Þ

g ¼ go þ CoT=To þ bour;r=qo þ ðb1 � boÞ/rr=qo; ð10Þ

qi ¼ KijT;j=To ¼ KoT;i; ð11Þ
where T is the temperature variation with respect to the reference temperature To; u the dis-
placement; / the micro-motion; bo, b1, go, Co, Ko, k, l, j, r, t, s, 1, and sa (a ¼ 1; 2; . . . ; 11) are
material constants.

2.2. Specialized micromorphic theory for covalent and ionic crystals

In molecular crystal or crystal containing complex ions, both internal modes (the stretching and
distortion of the molecules) and external modes (molecules move as rigid units) may exist. While
for a lot of solid crystallines, the atomic motion involves no external modes. Examples include
metallic, covalent and ionic crystals, i.e., materials like silicon, diamond, germanium, ZnO, NaCl,
et al. For those solid crystallines, phonon dispersion relations only present the internal modes.



990 Y. Chen, J.D. Lee / International Journal of Engineering Science 42 (2004) 987–1000
With the absence of external rotational modes, the deformable particle thus only has six inde-
pendent degrees of freedom describing the stretches within the micro-structure in addition to the
three translational degrees of freedom of its center. The micro-deformation tensor and the
gyration tensor are then symmetric, i.e.,
/½kl� ¼ t½kl� ¼ 0: ð12Þ
The energy equation becomes
q _e ¼ tklðvl;k � tlkÞ þ skltlk þ mkðlmÞtlm;k þ qk;k þ qh: ð13Þ
It means, even if it exists, mk½lm� does not contribute to the energy equation, nor to the strain energy
density function. This implies
mk½lm� ¼ 0; ð14Þ

s1 ¼ s2; s4 ¼ s5 ¼ s6 ¼ s8 ¼ s9 ¼ s11; s7 ¼ s10; ð15Þ
and Eq. (4) gives
t½lm� ¼ qðl½lm� � r½lm�Þ: ð16Þ
For cubic crystal, it is spin-isotropic initially, i.e.,
IKL ¼ jdKL: ð17Þ
Under the assumptions of small macro-motion and small micro-motion, the balance laws of mass
and micro-inertia can be approximated as:
qo ¼ q detðxk;KÞ ffi q; ð18Þ

ikl ¼ IKLvkKvlL ¼ jdKLvkKvlL ¼ jvkKvlK ffi jdkKdlK ¼ jdkl; ð19Þ
which leads to
rkl ¼ imlð_tkm þ tkntnmÞ ¼ jð_tkl þ tkntnlÞ ¼ rlk; ð20Þ
which means the spin inertia becomes symmetric.
In the absence of electromagnetic (EM) field or body couple, l½lm� ¼ 0 and Eqs. (16) and (20)

imply
t½lm� ¼ 0; ð21Þ
which leads to j ¼ 0. The number of material moduli for cubic crystal in the absence of body
couple is reduced to 15. Neglecting thermomechanical coupling effect, it is identical to the
micromorphic linear elasticity with 10 elastic constants as obtained in [4].
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2.3. Phonon dispersion relations

Neglecting the thermomechanical coupling and assuming harmonic waves propagating along
the x-direction, i.e.,
ui ¼ iUi e
iðkx�xtÞ; /ij ¼ Uij e

iðkx�xtÞ; ð22Þ
the phonon dispersion relations can be obtained and grouped as follows [4]:

(1) LA, LO1, LO2 (longitudinal acoustic and optical waves)
A11k2 � qox
2 A12k A13k

A12k A22k2 þ B22 � 3
2
qojx

2 A23k2

A13k A23k2 A33k2 þ B33 � 3qojx
2

������
������
U1

Ud
11

U

������
������ ¼ 0; ð23Þ
(2) TA, TO1 (transverse acoustic and optical waves)
�A11k2 � qox
2 A12k

A12k �A22k2 þ �B22 � 2qojx
2

����
���� U2 U3

U12 U13

����
���� ¼ 0; ð24Þ
(3) TO2 (transverse optical wave)
½2ð�A22 � A22Þk2 þ 2
3
B22 � qojx

2�ðU23;U22 � U33Þ ¼ 0; ð25Þ

where U � 1
3
ðU11 þ U22 þ U33Þ, Ud

11 � U11 � U, and

A11 ¼ kþ 2l; A12 ¼ �2r; A13 ¼ �3t� 2r;

A22 ¼ 8s4 þ 3s7; A23 ¼ 6s1 þ 8s4; A33 ¼ 12s1 þ 8s4 þ 6s7 þ 9s3;
�A11 ¼ l; �A22 ¼ 8s4 þ 4s7; �B22 ¼ 41;

B22 ¼ 31; B33 ¼ 9sþ 61:

It is seen that: (1) the results of phonon dispersion relations have confirmed the applicability of
micromorphic theory to describe the effect of inner structure and internal motion of atoms; (2)
the phonon dispersion relations involve all the 10 elastic material moduli, namely, k, l, r, t, s,
1, s1, s3, s4, s7, not counting bo, b1, go, Co, Ko. The completeness of the solutions for elastic
material constants determined through phonon dispersion relations is then guaranteed.
3. Finite element formulation of micromorphic thermoelasticity

In three dimensional finite element formulations, for an element having n nodes, there are n
shape functions through which the temperature, displacements, and micro-motions at a generic
point within the element can be related to the corresponding nodal values of the element as
follows
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T ¼ NaTa; ui ¼ Niaua; /ij ¼ Nija/a: ð26Þ
The gradients of these variables can be obtained as
T;k ¼ Na;kTa � CkaTa; ui;j ¼ Nia;jua � Bijaua; /ij;k ¼ Nija;k/a � Dijka/a: ð27Þ
Multiply Eq. (3) by the virtual displacements and integrated over the volume, it results
Z
ftij;i þ qofj � qo€ujgdujdv ¼

I
s

tijni dujdsþ
Z

qofj duj dv�
Z

qo€uj dujdv�
Z

tij duj;i dv

¼ dua

Z
st

t�j Nja ds
�

þ
Z

qofjNjadv

� €ub

Z
qoNjbNja dv�

Z
tijBjibdv

�
¼ 0; ð28Þ
where st is part of the enclosing surface of the volume v on which the surface traction tijni is
specified to be t�j . Eq. (28) should be valid for any arbitrary virtual displacement dua, therefore the
weak form of the governing equation is obtained as
Mab€ub þ
Z

tijBjia dv ¼ Fa; ð29Þ
where
Mab �
Z

qoNjaNjbdv ¼ Mba; ð30Þ

Fa �
Z
st

t�j Nja dsþ
Z

qofjNjadv: ð31Þ
Similarly, multiply the equation of motion, Eq. (4), and the energy equation, Eq. (5), by d/lm and
dT respectively and integrated over the volume, these lead to
Jab€/b þ
Z

½mklmDlmka þ ðsml � tmlÞNlma�dv ¼ La; ð32Þ

Z
qoTo _gNa dvþ

Z
qkCkadv ¼ Qa; ð33Þ
where
Jab �
Z

qoipmNlpbNlmadv ¼ Jba; ð34Þ
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La �
Z
sm

m�
lmNlma dsþ

Z
qollmNlmadv; ð35Þ

Qa �
Z
sq

q�Na ds; ð36Þ
and sm and sq are parts of the enclosing surface on which mklmnk is specified to be m�
lm and qknk

is specified to be q�, respectively. Substituting the constitutive equations, Eqs. (7)–(11), into
Eqs. (29), (32), (33), we obtain
Mab€ub þ K1
abub þ K2

ab/b þ K3
abTb ¼ Fa; ð37Þ

Jab€/b þ K4
abub þ K5

ab/b þ K6
abTb ¼ La; ð38Þ

cab _Tb þ G1
ab _ub þ G2

ab
_/b þ HabTb ¼ Qa; ð39Þ
where
K1
ab ¼

Z
AijklBjiaBlkb dv ¼ K1

ba; ð40Þ

K2
ab ¼

Z
ð�Aijkl þ EijklÞNklbBjia dv; ð41Þ

K3
ab ¼ �

Z
aijNbBjia dv; ð42Þ

K4
ab ¼

Z
ð�Aijkl þ EijklÞNklaBjib dv ¼ K2

ba; ð43Þ

K5
ab ¼

Z
fCkijlmnDijkaDlmnb þ ðAmlij þ Blmij � Emlij � EijlmÞNijbNlmagdv ¼ K5

ba; ð44Þ

K6
ab ¼

Z
ðaij � bijÞNbNjia dv; ð45Þ

cab ¼
Z

qoCoNaNbdv ¼ cba; ð46Þ

G1
ab ¼

Z
ToaijBjibNadv; ð47Þ

G2
ab ¼ �

Z
Toðaij � bijÞNjibNa dv; ð48Þ
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Hab ¼
Z

KoCiaCibdv ¼ Hba: ð49Þ
It is noticed that, from Eqs. (37)–(39), the temperature, displacement and micro-motion fields are
coupled in the dynamic case, while in static case Eqs. (37)–(39) are reduced to
HabTb ¼ Qa; ð50Þ

K1
abUb þ K2

ab/b ¼ Fa � K3
abTb; ð51Þ

K4
abUb þ K5

ab/b ¼ La � K6
abTb; ð52Þ
which means the temperature field can be obtained by solving the heat equation, Eq. (50), and
then it serves as the forcing terms in Eqs. (51) and (52) which are the governing equations for the
coupled displacement and micro-motion fields.
4. Single crystal silicon

4.1. Phonon dispersion relations of silicon

Diamond structure crystals dominate the semiconductor industry. The elemental semicon-
ductors (Si, Ge, and gray Sn) share this structure. With two atoms in a primitive unit cell, the
phonon dispersion relations display six branches. The elastic moduli have been determined by
using an optimization algorithm to match the phonon dispersion relations in (1) the whole
Brillouin zone and (2) the half Brillouin zone [4]. The obtained material moduli for silicon by
fitting half Brillouin zone are:
k ¼ 0:6565E�7 N=nm2; t ¼ s ¼ 0 N=nm2;

l ¼ 0:8221E�7 N=nm2; r ¼ �0:5302E�7 N=nm2; 1 ¼ 1:0636E�7 N=nm2;

s1 ¼ �s3=2 ¼ 0:2841E�9 N; s4 ¼ �0:8882E�10 N; s7 ¼ �0:5649E�10 N:
The phonon dispersion relations based on the specialized micromorphic theory in the above-
mentioned two cases are shown in Figs. 1 and 2, respectively. It is seen from Fig. 2 that the
micromorphic theory is valid at the time scale of picoseconds (frequency at THz) and length scale
of nanometer (wave vector up to 0:5Kmax means wavelength starting from twice lattice constant).
If nonlocal constitutive relation is incorporated, then the phonon dispersion relations in Fig. 1 will
be in better agreement with experimental measurements. This means nonlocal constitutive relation
is needed when wavelength of interest is below nanometer for silicon.

Eringen [2] obtained the expressions of phonon dispersion relations for general micromorphic
elastic solid. For very long wave length, i.e., k ! 0, there are two distinct acoustic branches and
three distinct cut-off frequencies for the optical branches. Because single crystal silicon only has
two atoms per unit cell, specialized micromorphic theory [4] is based to investigate its phonon
dispersion relations and we have obtained two distinct acoustic branches and one distinct cut-off
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frequency for all optical branches. Noticing that j ¼ s ¼ 0, as k ! 0, the longitudinal and
transverse acoustic branches have the following wave speeds:
vL ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kþ 2l=qo

p
; vT ¼

ffiffiffiffiffiffiffiffiffiffi
l=qo

p
; ð53Þ
and the cut-off frequency for all the optical branches is
xc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
21=qoj

p
: ð54Þ
These results are same as those obtained by Eringen [2].

4.2. Size effect of single crystal silicon

The existence of size effects in microscopic length scale is now well accepted. One of the size
effects that has been repeatedly reported is that the elastic moduli, such as Young’s modulus, shear
modulus, etc., change as the size changes from macroscopic to microscopic. From the viewpoint
of lattice dynamics, elastic constants in classical continuum mechanics can be completely and
uniquely determined by the long-acoustic-wave-limit method [9,10]. Obviously, when the wave
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lengths involved in the problem are not very long or when optical vibrations present, classical
continuum theory would not be valid and it would be unable to fit experimental measurements.
This may be interpreted as the effect of internal deformation and the effect of long-range (non-
local) material interaction; both have been ignored by classical continuum theory.

To show the effect of the inner structure and the internal deformation, a single crystal silicon
specimen under shear loading is modeled and simulated by specialized micromorphic theory. The
specimen is assumed in the plane strain condition and analyzed by finite element method with a
mesh of N � N � 1 elements along fx; y; zg directions, respectively. Each element has the same size
as a primitive unit cell. The geometry and boundary conditions are shown in Fig. 3. The bottom
surface of the specimen is fixed, ux ¼ uy ¼ /xy; shear forces are applied at the top surface to
produce a constant shear strain, ux ¼ cy, tyy ¼ myxy ¼ 0; and the two lateral surfaces are stress free,
txx ¼ txy ¼ mxyx ¼ 0.

It is found that the location of the maximum shear stress changes and the magnitude oscillates
as the length of the specimen changes. The shear force per unit area calculated at the top surface
monotonically decreases as the length scale increases, and gradually approaches constant, as
shown in Fig. 4. It is emphasized that this result reflects only the effect of internal deformation,
nonlocal (long range material interaction) effect is not included in this simulation.
Fig. 3. Geometry and boundary conditions of plane strain shear problem.
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5. Multiscale modeling of polycrystalline silicon

A polycrystalline material is composed of randomly distributed and oriented grains, and the
grain boundaries are usually in the amorphous phase [11] (see Fig. 5). In this work, a statistical
model of polycrystalline solid is adopted. The randomly oriented and distributed grains in the
shape of polygons can be created and meshed automatically with given statistical average of grain
size by adopting the Wigner–Seitz approach [12], an approach that has been used in lattice
dynamics to create unit cells (Fig. 6). Each grain is modeled as a single crystal by specialized
micromorphic theory. Between the grains, the grain boundaries are modeled as in its amorphous
phase with a thin and finite width by classical continuum mechanics. The thermal expansion
coefficient for single crystal silicon is estimated: bo ¼ 0:950E� 12 N=nm2=K, b1 ¼ 0:475E�
12 N=nm2=K [5–7]. The thermoelastic material constants for amorphous silicon are k ¼ 0:278E�
7 N=nm2, l ¼ 0:417E�7 N=nm2, bo ¼ 0:800E�12 N=nm2=K [8].

Two thermomechanical problems have been modeled. The first one is to simulate the heat flow
from one end (x ¼ 10 nm) at T ¼ 100 �C to the other end (x ¼ �10 nm) at T ¼ �100 �C. The
temperature and thermal stress distributions are shown in Fig. 7. The second one is to simulate the
Fig. 5. Micro-graph of a polycrystalline solid [11].

Fig. 6. Statistical model of polycrystalline material.



Fig. 7. Thermal stress distribution due to heat flux in the x-direction: (a) T , (b) txx, (c) txy and (d) tzz.
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cooling-down situation from the process temperature at 400 �C, taken as the reference temper-
ature To, to room temperature at 25 �C. The induced thermal stresses are shown in Fig. 8.
6. Summary of numerical findings

(1) The numerical results of single crystal silicon show that there is a considerable size effect (cf.
Fig. 4). As a consequence, classical continuum mechanics cannot make accurate prediction as the
length scales approaches nanometer.

(2) The numerical simulations of polycrystalline silicon show a discontinuity in temperature at
the interfaces between grains (cf. Fig. 7a). This phenomenon has been reported by MD simulation
[13]. The discontinuity in temperature at the grain boundary is consistent with the idea of Kapitza
resistance RK that assumes that heat flux through the boundary is proportional to the temperature
drop
Q ¼ DT=RK: ð55Þ
The simulation hence provides a way to numerically determine the resistance RK.
(3) The results, shown in Figs. 7 and 8, also indicate that there are apparent discontinuities not

only in temperature but also in stresses. There are significant differences in stresses inside grains



Fig. 8. Thermal stress distribution due to initial process temperature: (a) txx, (b) txy , (c) tyy and (d) tzz.
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and at grain boundaries. This explains why the role of defects becomes more pronounced as the
size of specimen shrinks.

(4) The maximum stresses exist in the grain boundaries. As a consequence, cracks would initiate
and propagate at grain boundaries. This explains why cracks observed in polycrystalline materials
seldom appear as straight lines; they are curved instead.

(5) Also, for a homogeneous material under thermal loading as in the two cases, there should be
no shear stress, while the simulations show that there are considerable shear stresses in both cases.
This is due to the existence of grain boundaries and the difference of material behavior between
crystallized grains and amorphous grain boundaries.
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