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Abstract

The material body considered in this work consists of multiphases. Digital imaging data are taken as the input to specify
the configuration and composition of the specimen. Meshless method is demonstrated as a superior numerical tool to ana-
lyze crack initiation and propagation in multiphase material. A fracture criterion, based on the ratio of the opening stress
over the material toughness distributed in front of the crack tip, is proposed to determine the direction of crack propaga-
tion of mixed mode fracture problem in multiphase material. Numerical results are presented and discussed.
� 2005 Elsevier Ltd. All rights reserved.
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1. Multiphase materials

Industry materials usually consist of multiphases,
such as alloy, ceramics, composite material, poly-
crystalline solid, and concrete, etc. The boundaries
between phases are usually irregular and random
[1]. Some of materials usually consist of defects such
as micro-crack, voids, and dislocations. Therefore,
to say the least, it is very difficult to model and to
perform numerical simulation of the detailed feature
of multiphase material. Computational material
models (constitutive relations, failure criteria) are
generally obtained through macroscopic experi-
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ments statistically, and are only valid under certain
similar conditions.

On the other hand, digital imaging data from CT,
ultrasound, MRI, etc. are abounding. CT, also
known as CAT scanning or X-ray computed topo-
graphy, is a completely nondestructive technique that
enables one to visualize detailed features in the inte-
rior of opaque solid objects and to obtain informa-
tion on their 3-D geometry and composition. In CT,
cross sectional images are generated by projecting a
thin beam of X-ray through one plane of an object
from many different angles. A 2-D image of a sec-
tion or a slice of a 3-D object usually has 512 ·
512 pixels. The value of each pixel is a measure of
the reduction in X-ray intensity and energy, which
in turn is a measure of the density of the material
at that point. Therefore, the values at the pixels
.
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can be taken as the input to specify the configura-
tion and composition of the specimen.

2. Meshless methods

Meshless methods construct approximations
entirely in terms of nodes. A weight function, which
plays an important role in the performance of the
methods, is used in all varieties of meshless meth-
ods. The compact support of weight functions, also
called the domain of influence of a node, gives a
local character to the meshless methods. The weight
function is nonzero within the domain of support
and zero outside of the domain of support. The
commonly used supports are discs and rectangles,
as shown in Fig. 1.

The character that meshless methods can be con-
structed solely in terms of nodes without the need of
a mesh distinguishes meshless method from finite
element (FE) method, which requires a highly struc-
tured mesh. For a variety of problems with large
deformation, moving discontinuities, or in optimi-
zation problems where re-meshing may be required,
meshless methods are very attractive [2–4]. The
meshless methods employed in this paper is based
on the moving least square technique in which
the approximation of any scalar-valued function,eU ðxÞ, can be expressed as an inner product between
a vector of shape functions, U(x), and a vector of
nodal values, U, as

eU ðxÞ ¼ UðxÞ �U; ð1Þ
which has the same form as in the FE method.
However, there is a fundamental difference between
FE method and meshless method. In meshless meth-
od, Eq. (1) is an approximation rather than an inter-
polation, i.e., eU ðxiÞ 6¼ Ui. This character requires
special and careful treatments of essential boundary
conditions, mirror symmetries, and moving discon-
tinuities, such as crack propagation [4,5].
Fig. 1. The commonly used supports of node I: (a) circular and
(b) rectangular.
In meshless method material properties are spec-
ified at each node, i.e.,

Aa ¼ AðXaÞ. ð2Þ
Then the value and the slopes of any variable at a
generic point X can be expressed in terms of its
neighboring nodal values as

AðXÞ ¼
X
a

UaðXÞAa; rA ¼
X
a

ðrUaÞAa. ð3Þ
3. Crack propagation

In two-dimensional fracture problems, Mode I
fracture may lead to self-similar crack extension
due to symmetry. In general case, especially in
case of multiphase material, we encounter mixed
mode fracture problems. Therefore, to determine
the direction of crack extension is an unavoidable
task. Usually, we use the maximum opening stress
criterion or the maximum energy release rate crite-
rion to determine the direction of crack propa-
gation. For example, using maximum opening
stress criterion, the current crack tip will extend to
{rc,h} if the opening stress thh is maximum at
{rc,h}, where rc > 0 is small but finite constant.
One may consider that thh(rc,h) is the driving force
for crack extension along the arc, as a function of
h, with a radius rc with respect to the current crack
tip. If the material is homogeneous, the maximum
opening stress criterion is reasonable, i.e., the infor-
mation of the driving force is enough to determine
the direction of crack extension. However, if the
material is inhomogeneous, one has to consider
the resistance, i.e., the toughness, distributed in
front of crack tip.

In this work, it is proposed that the current crack
tip will extend to {rc,h} if the ratio

Rðrc; hÞ �
thhðrc; hÞ
tcðrc; hÞ

; ð4Þ

reaches a maximum at {rc,h}, where tc is the tough-
ness associated with the opening stress (cf. Fig. 2).
Crack propagation process can be viewed as a
changing of crack tip with a moving barrier follow-
ing the advancing of the crack tip. It is noticed that
both thh(r,h) and tc(r,h) are continuous functions of
r and h in meshless method; However, in finite ele-
ment method, at the element boundaries displace-
ments are continuous but strains, stresses, material
properties are discontinuous. This is another advan-
tage of meshless method, especially when invokes



Fig. 2. Illustration of the fracture criterion.

Crack Element 

Fig. 3. Crack propagation modeling via finite element method.

Fig. 5. X-ray image of concrete indicting aggregates, pastes and
voids.

Fig. 6. Meshless model of concrete indicting aggregates, pastes
and voids.
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fracture criterion which involves stresses and mate-
rial properties around the crack tip.

It is seen, from Fig. 3, that in modeling crack
propagation remeshing is needed if traditional finite
element method is used. However, it is noticed that
meshless analysis of crack propagation does not
involve the formidable task of constantly remeshing
the cracking specimen. It only needs the updating of
the barrier and the sprinkle of additional nodes in
front of the current crack tip to enhance the accu-
racy of the solution (cf. Fig. 4).

4. Numerical results

Due to the availability of X-ray data of concrete,
meshless analysis of concrete is performed in this
work as an example. The X-ray image of a slice of
concrete and the corresponding meshless computa-
tional model are shown in Figs. 5 and 6, respec-
tively. One can see that, from Fig. 5, there are
aggregates, pastes and voids; and those aggregates,
pastes and voids are reproduced in the meshless
(a)

Fig. 4. Crack propagation modeling via meshless methods: (a) b
model (cf. Fig. 6). Both Figs. 5 and 6 are made of
points (pixels). The only difference is the resolution.
Here, for the sake of computational efficiency, a
model with reduced resolution is used in the mesh-
less analysis. It was found that, through numerical
comparisons, the reduction of resolution in model-
ing would not bring significant difference.
(b)

efore crack propagation and (b) after crack propagation.
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4.1. Stress distribution in multiphase materials

To investigate the stress distribution in multi-
phase material, the specimen is subjected to com-
pression at the top and bottom edges, i.e., in the
Y-direction, with a specified displacement of 1% of
the height of the specimen. Stress distributions are
displayed in Fig. 7(a)–(d). It can be seen, from
Fig. 7, that there is no uniform distribution of stres-
ses. This is because concrete is a multiphase material
that consists of aggregates, pastes and voids.

Specifically, from Fig. 7(a) and (c), it is seen that
there exist rxx and rxy, both of which would vanish
if the specimen is treated as a homogeneous mate-
rial. Most interestingly, it is observed tensile stress
ryy appears in the region near or around voids (cf.
Fig. 7(b)) while the specimen is under compression
in the Y-direction. In general, the maximum stresses
appear around the interfaces between aggregates,
pastes and voids.
Fig. 7. (a) Cauchy stress rxx, (b) cauchy stress ryy,
4.2. Crack propagation in multiphase materials

To investigate the failure patterns of multiphase
materials, an initial small crack is assumed to exist
at the right edge of the specimen, and the specimen
is subjected to tension along Y-direction. With the
interest to see the effect of the strength of aggregate
on crack propagation, an additional aggregate is
added, which is seen in Fig. 8 by comparing Fig. 5
or Fig. 6 with Fig. 8.

The fracture criterion, based on the ratio of the
opening stress over the material toughness distrib-
uted in front of the crack tip, is proposed to determine
the direction of crack propagation in multiphase
material. The path of crack propagation, i.e., failure
pattern of a typical concrete specimen is displayed in
Fig. 8.

Since the fracture toughness of paste is not
available. Two situations are assumed for the sake
of computational study. In the first case, the
(c) cauchy stress rxy and (d) von Mises stress.



Fig. 8. Failure (crack growth) pattern of concrete predicted by meshless method. The color bar indicts the density of aggregates, pastes
and voids. (a) Fracture toughness of aggregate is much larger than that of paste, (b) fracture toughness of aggregate is slight larger than
that of paste. (For interpretation of the references in colour in this figure legend, the reader is referred to the web version of this article.)
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toughness of paste is assumed to be much smaller
than that of aggregate. As a consequence, the crack
propagates through the paste around the aggregate
(cf. Fig. 8(a)). In the second case, the toughness
of paste is assumed to be slightly smaller than
that of aggregate, and it is observed that the
crack is directly passing through the aggregate (cf.
Fig. 8(b)).

5. Discussions

Currently, the accurate fracture toughness of
paste is not available. Nano- or micro-indentation
investigation of the fracture toughness of paste is
an on-going research. After the data becomes avail-
able, a simulation with more realistic data will be
expected. This work, therefore, aims to prove a con-
cept and to demonstrate an approach to analyze
and predict properties and life of various industry
and biological materials, which are often inhomoge-
neous with voids and micro-cracks.
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