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Abstract Using surrogate models outside training data
boundaries can be risky and subject to significant errors.
This paper presents a computationally efficient approach to
estimate the boundaries of training data inputs in surrogate
modeling using the Mahalanobis distance (MD). This dis-
tance can then be used as a threshold for deciding whether
or not a particular prediction site is within the bound-
aries of the training data inputs, and has the potential of a
likelihood/probabilistic interpretation. The approach is eval-
uated using two and four dimensional analytical restricted
input spaces and a complex biomechanical six dimensional
problem. The proposed approach: i) gives good approxima-
tions for the boundaries of the restricted input spaces, ii)
exhibits reasonable error rates when classifying prediction
sites as inside or outside known restricted input spaces and
iii) reflects expected error trends for increasing values of
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the MDs similar to those obtained using a computationally
expensive convex hull approach.
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Nomenclature

BER Balanced error rate
C Covariance matrix
KS Kolmogorov–Smirnov
LHS Latin hypercube sampling
m Number of training data
MD Mahalanobis distance
n Number of input variables
p Probability of a prediction site being within the

training data boundaries
R p Set of real numbers of dimension p
S Surrogate model
T Training data
x Input variables
y Response variables
α Statistical significance level
χ2

p Chi-square distribution—p degrees of freedom
� Difference
ε Relative error
μ Mean

Subindices

b boundary estimation
b20 median of top 20% largest Mahalanobis distances
bl largest Mahalanobis distance
T training data
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1 Introduction

Surrogate models, increasingly popular in the analysis and
optimization of complex engineering systems (e.g., Queipo
et al. 2005; Forrester and Keane 2009), are often constructed
using training data in restricted input spaces; for example,
as a result of correlation between input variables, physi-
cal limitations, or lack of information (e.g., Jacques et al.
2006; Lin et al. 2008). When using these models in the con-
text of analysis and optimization, the modeler must decide
whether or not it is reasonable to use the surrogate model at
a given prediction site. A key consideration is whether using
the prediction site would constitute extrapolation beyond the
region defined by the training data inputs.

While there is no agreed upon definition for surrogate
model extrapolation (i.e., the prediction site is outside the
training data boundary) as opposed to interpolation, an
appealing concept (see, for example, Missoum et al. 2007)
is to consider extrapolation when prediction sites are out-
side the convex hull of the training data inputs. However,
constructing a convex hull for a finite set of points—
a computational geometry problem—can be complex and
computationally expensive for high dimensional problems
(Barber et al. 1996; Mount 2002). More specifically, the
number of memory references can make impractical one of
the best convex hull computation algorithms, i.e., Quickhull
(Barber et al. 1996), even for mid-size problems.1 On
the other hand, the minimum volume ellipsoid cover-
ing the training data inputs is a scale-invariant alternative
to the convex hull approach but can be sensitive to outliers
and requires the solution of a mixed-integer semidefinite
programming problem (Shioda and Tunçel 2007; Sun and
Freund 2004).

The proposed approach estimates the training data
boundaries using the Mahalanobis distance (MD), which
can be used as a threshold for deciding whether or not a
particular prediction site is consistent with the training data.
The Mahalanobis distance is a scale-invariant metric widely
used in cluster analysis and other classification techniques
(Mardia et al. 1979) and can prove to be useful for estimat-
ing the training data boundaries since it: i) accounts for the
covariance structure of the training data inputs, ii) can be
easily extended to high dimensional problems as it essen-
tially relies on matrix operations which can be computed
quite efficiently, and iii) assuming a normal distribution of
the training data inputs, it has a likelihood/probability inter-
pretation. The effectiveness of the proposed approach is

1For example, the Matlab implementation of the Quickhull algorithm
(convhulln) was unable to compute the convex hull associated with two
hundred (200) training data in a ten (10) dimensional hyper-spherical
restricted input space due to lack of memory, when using a computer
with a 2.5 GHz Pentium IV processor and 2GB/5GB of RAM/virtual
memory.

evaluated using different restricted input spaces and training
sample sizes for two analytical test cases and a six dimen-
sional biomechanical problem (i.e., contact force in a knee
replacement).

The rest of the paper is outlined as follows: Section 2
describes the problem of interest, Section 3 explains the
solution methodology, Section 4 discusses test cases includ-
ing performance measures and extrapolation error trends,
results and discussion is the subject of Section 5, and
Section 6 presents the conclusions.

2 Problem of interest

Given a surrogate model S constructed using training data
T = ((x j , y j ) : 1 < j < m) for a function y = f (x)
defined in R p, the goal is to find a distance to the training
data boundaries to help decide whether a given prediction
site xk would constitute an extrapolation of S. The dis-
tance should be easy to compute and applicable to general
surrogate modeling scenarios (S, T, f ).

3 Solution methodology

The proposed methodology includes the following three
steps: 1) estimate the training data boundaries using the
Mahalanobis distance, 2) assess the consistency of predic-
tion sites with the training data, and 3) give a probability
interpretation of the MDs of prediction sites (if applicable).

3.1 Estimate the training data boundaries

In this context, Mahalanobis distance is a scale-invariant
proximity measure between a given point xl and the center
of the training data inputs that accounts for their covariance
structure. This distance measure is defined as:

M D(xl) =
√

(xl − μT )T C−1 (xl − μT ) (1)

( ) ( ) ( )( )Tl
T

Tll CMD µµ −−= − xxx 1

a

b

xlµ T

Fig. 1 Two dimensional Mahalanobis distance interpretation for non-
diagonal covariance matrices, where the directions and length of the
principal axes (a and b) of the ellipse are given by the eigenvectors
and the square root of the eigenvalues of the covariance matrix C ,
respectively
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Table 1 Restricted input spaces
characterization

Analytical test cases

Restricted input space Number of training data Covariance matrix of training data Number of

inputs (most dense sample) test data

Circle 15,30,45

[
3.72 0.62

0.62 4.56

]
250

Ellipse 15,30,45

[
5.24 −2.27

−2.27 2.67

]
250

Hyper-sphere 40,80,160

⎡
⎢⎢⎢⎢⎣

4.26 −0.09 0.16 0.10

−0.09 3.93 −0.07 0.64

0.16 −0.07 5.07 −0.18

0.10 −0.64 −0.18 3.64

⎤
⎥⎥⎥⎥⎦

1,000

Hyper-ellipsoid 40,80,160

⎡
⎢⎢⎢⎢⎣

4.45 −2.92 0.31 −0.06

−2.92 2.62 −0.29 0.03

0.31 −0.29 4.22 −2.59

−0.06 0.03 −2.59 6.05

⎤
⎥⎥⎥⎥⎦

1,000

where μT and C are the mean and covariance matrix of the
training data inputs, respectively. The mean and covariance
matrix are calculated using standard formulas:

μT i = 1

m

∑m

k=1
xki , i = 1, 2, ..., n (2)

Ci j = 1

m − 1

∑m

k=1

(
xki − μT i

) (
xk j − μT j

)
,

i, j = 1, 2, ..., n (3)

where m represents the number of training data and n
denotes the number of input variables, respectively. Note
that the Mahalanobis and Euclidean distances coincide
when the covariance is represented by the identity matrix.

Mahalanobis distance can be interpreted as follows. If the
training data inputs have associated a diagonal covariance
matrix, the MD along the x axis represents a normalized
Euclidean distance given by (x − μT )/σ (x), where μT

and σ(x) are the mean and standard deviation of the train-
ing data inputs along the x direction, respectively. In the
more general case of non diagonal covariance matrices, any
MD can be shown to be equal to the ratio of: a) the dis-
tance between the point whose MD is sought (henceforth
called prediction site) and μT , and b) the width of the
ellipsoid/hyper-ellipsoid (measured from μT ) in the direc-
tion of the prediction site (see Fig. 1). The principal axes
and the widths of the ellipsoid/hyper-ellipsoid along these
axes are given by the eigenvectors of the covariance matrix
C and the squared root of the corresponding eigenvalues
(i.e., the eigenvalues represent the variance along principal
axes/directions), respectively. A principal component anal-
ysis of the data would reveal this fact since it essentially
linearly transforms the data such that the covariance matrix
C (for the new set of variables) becomes diagonal.

The training data boundaries are estimated using two
alternative MDs denoted as MDb: i) the largest MD (MDbl),
and ii) the median of the top 20% largest MDs (MDb20),

Fig. 2 Circular (a) and
elliptical (b) two dimensional
restricted input spaces, training
(plus sign) and test data
(circle)—30 training data
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Fig. 3 Superior–inferior contact force and corresponding input vari-
ables for the biomechanical test case; the knee replacement is
shown in red. Fy—superior–inferior contact force, xt—tibial anterior–
posterior translation, yt—femoral superior–inferior translation, zt—
tibial medial–lateral translation, xr—femoral varus–valgus rotation,
yr—tibial internal–external rotation, and zr—femoral flexion–
extension

which is less sensitive to outliers in the training data. The
20% percent threshold was empirically selected to provide a
robust estimation of the training data boundaries; any other
value though (e.g., top 10% MDs) could be used if it meets
the robustness objective.

3.2 Assessing the consistency of prediction sites
with the training data

To assess this consistency, the MD corresponding to the
prediction site is computed and compared to the estimated
MD for the training data boundaries (i.e., either MDb20 or

Table 2 Training data covariance (italics)/correlation matrix

xt yt zt xr yr zr

xt 7.281 0.097 −0.087 −0.457 0.341 −0.026

yt 0.103 0.155 0.260 −0.037 −0.044 −0.068

zt −0.019 0.008 0.006 0.124 −0.134 −0.414

xr −0.465 −0.005 0.004 0.142 −0.924 0.210

yr 1.099 −0.021 −0.013 −0.417 1.431 −0.166

zr −0.000 −0.000 0.000 0.002 −0.001 0.000

Biomechanical test case

MDbl). If the MD for the prediction site is larger than the
selected MDb, then the use of the surrogate model is likely
to represent extrapolation and the prediction could be at a
significant error. The designer must decide—depending on
the size of the mismatch—whether or not to use the pre-
diction site in the context of surrogate-based analysis or
optimization.

3.3 Probability interpretation of MDs associated
with prediction sites (if applicable)

If the training data inputs are assumed to be nor-
mally distributed, each iso-probability contour (ellipsoid/
hyper-ellipsoid) has a particular MD associated with it
(McLachlan 1992). Hence, the likelihood/probability p that
a prediction site is within the training data boundaries can
be computed using its MD. This probability interpretation
allows the user to account for uncertainty when classify-
ing points as inside or outside training data boundaries. For
example, if one assumes that the covariance matrix has the
same variance in all directions (spherical/hyper-spherical),
then, for points at one standard deviation from the mean of
the training data input (MD = 1), the probability p can be
obtained using a standard normal distribution and calculated
as 1–0.68; for MD = 2, p is approximately 1–0.95; and for
MD = 3, p is approximately 1–0.997.

Fig. 4 Scatter plots for training data of sample pairs of input variables: a xr & xt , b zr & zt , c yr & xr . Biomechanical test case
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(a) (b)

Fig. 5 Branin-Hoo test function (a) and a two dimensional illustration of the Shekel 4D test function (b)

For normally distributed training data inputs, the squared
Mahalanobis distances MD2 are Chi-square distributed with
n degrees of freedom

(
χ2

n

)
, where n is the number of

input variables for the surrogate model of interest (null
hypothesis). A Kolmogorov–Smirnov (Stephens 1974) test
evaluates if such null hypothesis cannot be rejected. This
test compares the cumulative distribution of a χ2

n and the
corresponding distribution of the MD2 of the training data
inputs and assesses whether their differences are statistically
significant (α = 0.05).

4 Test cases

This section presents performance measures and alternative
restricted input spaces for evaluating the proposed approach.
Two analytical test functions (Branin-Hoo and Shekel 4D)
and a biomechanical test case are also included for scenarios
when extrapolation error trends are of interest.

4.1 Performance measures

Performance measures are intended to evaluate the proposed
approach using the following criteria: i) level of approxi-
mation of the boundaries of the restricted input spaces, ii)

ability to classify prediction sites as inside or outside known
restricted input spaces, and iii) capability to reflect expected
error trends. Specifically, these measures are:

• For the analytical test cases, the difference between
the estimated MDb and the median of the MDs of
the points on the theoretical boundaries of the given
restricted input spaces. Rationale: the estimated MDb

should give a good approximation to a robust measure
of the boundaries of the given restricted input spaces.

• For points outside the theoretical boundaries, the corre-
lation between �MDb and the Euclidean distance from
the prediction site to the nearest vertex in the train-
ing data convex hull; �MDb represents the difference
between the MD at the prediction site and the MDb.
The convex hulls are obtained using the Quickhull algo-
rithm (Barber et al. 1996) as implemented in the Matlab
function convhulln. Rationale: A statistically sig-
nif icant correlation should be observed between the
two distance measures under consideration.

• For the analytical test cases, balanced error rates (BER)
when establishing if a given prediction site is inside
or outside the boundaries of a known restricted input
space. A prediction site is classified as inside the
restricted input space if its MD is less than the MDb

Table 3 MDbs for the analytical and biomechanical test cases

Test case MDb20(sample size) MDbl (sample size)

Circular input space (2D) 1.68 (15) 1.74 (30) 1.75 (45) 2.20 (15) 2.07 (30) 2.05 (45)

Elliptical input space (2D) 1.93 (15) 1.86 (30) 1.91 (45) 2.06 (15) 2.17 (30) 2.11 (45)

Hyper-spherical input space (4D) 2.37 (40) 2.31 (80) 2.38 (160) 2.81 (40) 2.76 (80) 2.62 (160)

Hyper-ellipsoidal input space (4D) 2.49 (40) 2.44 (80) 2.43 (160) 2.99 (40) 2.73 (80) 2.86 (160)

Biomechanical problem (6D) 3.33 (339) 6.48 (339)

MDb20 and MDbl are the median of the top 20% and the maximum of the MDs in the training data, respectively
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MDb20
MDblMDs at the boundary

(a) (b) (c)

Fig. 6 Boxplots of the Mahalanobis distance for a sample of points in the boundary of the circular input space and estimated MDb. Number of
training data: a 15, b 30 and c 45. Two dimensional test case

(training data) and as outside otherwise. The BER mea-
sure (4) is defined as the average of the classifying
relative error for each class (i.e., inside or outside).
Rationale: The proposed approach should exhibit a
reasonable balanced error rate.

B E R = 0.5

(
# of incorrectly classif. as outside

# of prediction sites inside

+# of incorrectly classif. as inside

# of prediction sites outside

)
(4)

• For points outside the theoretical boundaries, plots
of the logarithm of the relative extrapolation error
versus �MDb. The errors were computed using a
Kriging model with a quadratic trend and Gaussian cor-
relation model (Cressie 1993) implemented in Matlab
(Lophaven et al. 2002). Rationale: The error should
increase with higher values of �MDb.

• The plots discussed above are compared with those
obtained using the Euclidean distance to the nearest ver-
tex in the training data convex hull. Rationale: Similar
trends should be observed between the results obtained
using the proposed and convex hull approaches.

4.2 Restricted input spaces

The proposed approach was evaluated using two, four and
six dimensional test cases. For the two and four dimensional

test cases, circular/hyper-spherical and elliptical/hyper-
ellipsoidal restricted input spaces were considered. Table 1
shows a characterization of the shape of the restricted input
spaces and training and test data; the hyper-sphere has a
radius equal to five (5) and the hyper-ellipsoid satisfies the
equation xT Ax = r , with A = [1.5 1 0 0; 1 2 0 0; 0 0 1 0.25;
0 0 0.25 1] and r = 5.

The training data inputs were generated using Latin
hypercube sampling (McKay et al. 1979) filtering out points
that lied outside the selected restricted input spaces. Further-
more, to achieve a pre-specified number of training data,
points were randomly eliminated. On the other hand, the test
data was also generated using Latin hypercube sampling
within box-like boundaries, i.e., the minimum rectangular
cuboid covering the given restricted input space, but with-
out any filtering. Figure 2 illustrates training (blue crosses)
and test data inputs (green circles) for the two dimensional
restricted input spaces.

A six dimensional restricted input space associated with
a biomechanical problem (Bei and Fregly 2004) was also
considered. The input variables (Fig. 3) are: tibial anterior–
posterior translation xt, femoral superior–inferior translation
yt, tibial medial–lateral translation zt, femoral varus–valgus
rotation xr, tibial internal–external rotation yr, and femoral
flexion–extension zr. These variables are of interest in
the design of artificial knees for minimizing wear, one of
the most significant problems in biomechanical engineer-
ing. The data was generated by performing Hammersley

Table 4 Normalized
differences between the MDbs
and the median of the MDs on
the theoretical boundaries

Two dimensional test cases

Restricted input space MDb20 MDbl

Circular −0.129 −0.039 −0.074 0.141 0.139 0.082

Elliptical −0.056 −0.110 −0.089 0.009 0.040 0.012

Hyper-spherical −0.033 −0.062 −0.020 0.071 0.053 0.046

Hyper-ellipsoidal −0.011 −0.023 −0.042 0.133 0.064 0.019
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Fig. 7 Euclidean distance to the
nearest vertex in the convex hull
vs. �MDb20 corresponding to
1,000 random test data: a
hyper-spherical input space, b
hyper-ellipsoidal input space.
Four dimensional test case—80
training data
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Fig. 8 Classification of test data with a restricted circular input space. Number of training data: a 15, b 30 and c 45. Two dimensional test case

Table 5 Classification results
of the proposed approach for a
hyper-ellipsoidal restricted input
space

Four dimensional test case

Reality/decision Size of the training data

40 points 80 points 160 points

Inside Outside Inside Outside Inside Outside

Inside 108 36 113 31 119 25

Outside 16 840 4 852 1 855

Table 6 Classification balanced
error rates

Four dimensional test case

Hyper-spherical Hyper-ellipsoidal

40 points 80 points 160 points 40 points 80 points 160 points

0.133 0.113 0.051 0.134 0.110 0.087
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Fig. 9 Scatter plots of sample pairs of input variables for training data and classified prediction sites (339 training data—1,414 prediction sites):
a xr & xt , b zr & zt , c yr &xr . Biomechanical test case

quasirandom sampling (Hammersley 1960) resulting in 339
training data, after filtering out physically unrealistic points
using a reasonable design space (RDS) approach (Lin et al.
2008), and 1,414 test data. Training data scatter plots for
three sample pairs of input variables are shown in Fig. 4;
the selected sample pairs were those exhibiting the highest
variability. Table 2 shows covariance values (lower triangu-
lar matrix/italics) and correlation values (off-diagonal upper
triangular matrix) of the input variables.

4.3 Extrapolation error trends—Branin-Hoo, Shekel 4D
test functions, contact force Fy in a knee replacement

Equations (5) and (6) show the mathematical expressions of
the analytical test functions, with two dimensional illustra-
tions depicted in Fig. 5.

Branin − Hoo(x, y) =
(

5.1x2

4π2
+ 5x

π
− 6

)2

+ 10

(
1 − 1

8π

)
cos(x) + 10

−5 < x < 10

0 < y < 15 (5)

Shekel4D(x1, x2, x3 x4)=
∑5

i=1

1

ci + ∑4
j=1

(
x j − a ji

)2

a =

⎡
⎢⎢⎣

4 1 8 6 3
4 1 8 6 7
4 1 8 6 3
4 1 8 6 7

⎤
⎥⎥⎦ c = [0.1 0.2 0.2 0.4 0.4]

0 < x j < 10, j = 1, 2, ..., 4

(6)

For the biomechanical problem, the output of interest is
the superior–inferior contact force Fy in a knee replacement
(Fig. 3), calculated through static analyses using an elastic-
foundation (i.e., bed of springs) contact model of a knee
replacement design. The model employed an element grid
of 63 × 35 on the medial and lateral sides of the tibial insert
(i.e., polyethylene piece on the top of the shin bone).

5 Results and discussion

Table 3 shows the estimated Mahalanobis distances at the
boundary (MDbs): largest MD (MDbl) or median of top
20% largest MD (MDb20) among those in the training data.
These measures were relatively insensitive to the selected
sample sizes. The differences between MDbl and MDb20—a
robust estimator based on the median—can be significantly
different, in particular, in the presence of outliers, as
shown by the results corresponding to the biomechanical
test case.
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Fig. 10 Comparison of the training data and χ2
6 CDF’s. Biomechani-

cal test case
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Fig. 11 Logarithm of the
relative error vs. �MDb20
corresponding to 250 random
test data: a circular input space,
b elliptical input space.
Branin-Hoo test case—30
training data
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Figure 6 depicts the box-plots of the Mahalanobis dis-
tances of points on the circular theoretical boundaries and
the estimated MDbs, while Table 4 shows the normalized
differences between the MDbs and the median of the MDs
on the theoretical boundaries for all analytical test cases.
Note that, in most cases, the estimated MDb20 outperformed
MDbl approximating the median of the MDs of the theoret-
ical boundaries. As a result, MDb20 was adopted throughout
the rest of the study.

For points outside the theoretical boundary, the
difference between the MD at the prediction site and the
MDb (�MDb), and the Euclidean distances to the convex
hull, are linearly related with correlation coefficients rang-
ing from 0.81 to 0.94 for all analytical test cases and sample
sizes under consideration. The statistical significance of the
results is reflected by zero p values for the null hypoth-
esis of uncorrelated inputs. The results show that �MDb

could represent a proxy of distances to the convex hull,
and give an indication of how risky and prone to error is
the surrogate prediction. As an example, Fig. 7 shows the
relationship between the two cited measures corresponding
to the four dimensional test case for hyper-spherical and
hyper-ellipsoidal restricted input spaces and selected sample
sizes.

Establishing whether or not it is reasonable to use a
surrogate model at a given prediction site relies heavily
on correctly classifying whether a prediction site is inside
or outside the training data boundaries. In general, the
classification results were good for all the restricted input
spaces under consideration, with lower balanced error rates
as the number of training data increases. For the circular
and elliptical two dimensional restricted input spaces, the
balanced error rates were in the intervals [9.7%, 17.1%]
and [5.5%, 8.8%], respectively, with lower balanced error
rates corresponding to the highest sample size. Figure 8
depicts the effectiveness of the proposed approach in the
two dimensional test case with circular restricted input
space.

On the other hand, for the hyper-spherical and hyper-
ellipsoidal four dimensional restricted input spaces the bal-
anced error rates were in the intervals [5.1%, 13.3%] and
[8.7%, 13.4%], respectively. Tables 5 and 6 give details
of the classifying performance for the hyper-ellipsoidal
restricted input space and the balanced error rates for alter-
native sample sizes, respectively.

For the six dimensional biomechanical test case, the
shape of the restricted input space is unknown, hence the
classification capabilities of the proposed approach were
only qualitatively evaluated. The evaluation criterion is the
level of overlapping (as seen in scatter plots) between the
training data and the prediction sites classified as inside
the restricted input space. Five hundred and forty nine
(549) and eight hundred and sixty five (865) prediction
sites were classified as inside and outside of the restricted
input space, respectively. Figure 9 shows scatters plots
for three selected pairs of input variables; note that train-
ing data and prediction sites classified as inside are almost
superimposed, reflecting the effectiveness of the proposed
approach.
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Fig. 12 Logarithm of the relative error vs. �MDb20. Biomechanical
test case
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Fig. 13 Logarithm of the
relative error vs. a �MDb20, b
Euclidean distance to the
nearest vertex in the convex
hull, corresponding to 1,000
random test data. Shekel 4D test
case—hyper-ellipsoidal
restricted input space—80
training data
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In general, based on the results of the Kolmogorov–
Smirnov tests, the training data inputs can be assumed
normally distributed and hence allows for a probability
interpretation. As an example associated with the biome-
chanical problem, Fig. 10 shows the cumulative distribu-
tions for the squared MDs of the training data and of a
Chi-square distribution with six degrees of freedom

(
χ2

6

)
.

The KS test resulted in a p-value of 0.30 well above the
rejection threshold (α = 0.05) for the null hypothesis. In
this scenario, a prediction site with, for instance, MDb20 =
3.34, could be interpreted as having a probability p = 0.08
of being within the training data boundaries.

Regarding expected error trends, in all instances, as
desired, the logarithm of the relative error increased with
the �MDb; this tendency was observed for all sample sizes.
Figures 11 and 12 demonstrate such behavior for the Branin-
Hoo, and biomechanical test data, respectively. Similar
trends were obtained when using the Euclidean distance
from the prediction site to the nearest vertex of the train-
ing data convex hull; for example, Fig. 13 shows the results
corresponding to the Shekel 4D test function considering an
hyper-ellipsoid restricted input space for a sample size of 80
training data.

6 Conclusions

Using a surrogate model to extrapolate outside the region
defined by the training data can lead to large errors. There-
fore, a strategy for assessing the consistency of prediction
sites to the training data should always be employed. This
paper presented a computationally efficient approach to
estimate the training data boundaries in surrogate modeling
with restricted input spaces using a Mahalanobis distance
(MD). This distance can be selected as a threshold for decid-
ing whether or not a particular prediction point is within the
boundaries of the training data and has the potential for a
likelihood/probabilistic interpretation.

Even with limited sample sizes, the proposed approach
exhibited good approximations to the training data bound-
aries, and reasonable balanced error rates when classifying
prediction sites as inside or outside known restricted input
spaces, with error trends aligned with those obtained using
the more computationally expensive convex hull approach.

Given the computational efficiency, performance, and
potential for likelihood/probabilistic interpretation, the use
of MD for estimating the boundaries of training data holds
promise for becoming a popular method among practition-
ers when establishing whether or not it is reasonable to use
a surrogate model at a given prediction site in the context of
analysis and optimization efforts.
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