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Abstract. This paper presents a novel fully recursive method, a direct differentiation based approach,
which facilitates first-order sensitivity analysis in optimal design problems involving multibody dy-
namic systems. A state space O (n) dynamic analysis algorithm based on a velocity space projection
method, as promoted by Kane [18], forms the foundation of the underlying formulation. This algo-
rithm can significantly reduce the massive number of mathematical and associated computational
operations involved in explicitly generating and solving the sensitivity equations. This benefit is par-
ticularly evident for systems involving a combination of many state variables and design parameters.
The development presented in this paper focuses on chain systems to illustrate the recursive nature
of the algorithm. The computational efficiency and solution accuracy of the presented algorithm are
investigated through the procedures application to the simulation and design sensitivity determination
of spatial chain systems involving 2, 4, 6, ..., 24 degrees of freedom, as well as a simple planar
double pendulum.
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1. Introduction

Computational multibody dynamics as a design and analysis tool has become es-
sential in many applications. Evidence of this is seen in the design of practi-
cal systems which find broad application in modern society, ranging from simple
mechanisms, to automobiles, to complex spacecraft. The design of multibody sys-
tems may therefore be thought of as a keystone of modern technology and links
various engineering disciplines.

For multibody design problems where analysis and computation are expensive,
a robust optimization strategy with rapid solution convergence characteristics is
highly desirable. Optimization strategies employing sensitivity (derivative) infor-
mation have been shown to be more efficient in many cases than non-derivative
methods, and thus are well-suited for current design purposes. Sensitivity analysis
for dynamic systems requires the derivatives of performance measures (objective
and constraint functions) and the state variables (generalized coordinates and their
associated time derivatives) with respect to the design variables [9, 14]. These latter
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derivatives are often needed because performance measures are generally functions
of both design and state variables.

In the literature concerning multibody design problems, direct differentiation
[9, 24, 26] and adjoint variable methods [5, 14, 19, 25] are two major analytical
techniques on which the sensitivity analysis has been based. From a mathemati-
cal perspective, the direct differentiation methods may be conceptually the most
straightforward techniques because the system governing equations are explicitly
and directly differentiated with respect to design variables to yield key quantities
of state sensitivities [9]. By comparison, the adjoint variable method, based on
variation principles, avoids these direct calculations through the introduction of
a set of so-called adjoint variables [4, 15]. Manipulating these adjoint variables,
variations of the system equations, and the variations of design criteria, produces
the required adjoint relationships. Solving this sequence of adjoint relationships
yields the design sensitivity vector which directly corresponds to the variation
(sensitivity) of design criteria in terms of design variable variations [14].

The works of many individuals [3-7, 9-11, 14-17, 19, 20, 24-26] have estab-
lished sensitivity analysis as a viable tool in dynamic system design. Unfortunately,
many of these works do not provide detailed information regarding the overall
computational cost associated with forming and solving the first-order sensitivity
equations. This cost can be significant, and may become prohibitive. For a dynamic
system design problem involving p design variables, n generalized coordinates,
and m independent algebraic constraint equations, the simultaneous solution of
(n+m)(p+ 1) and (n + m + p) differential algebraic equations are required for
the direct differentiation method and the adjoint variable method, respectively [24].
If a direct solutions scheme is used, then O (n?) operations are usually needed for
the decomposition and solve aspects of the problem solution. This implies that the
overall computational requirements of both methods could be a prohibitive high
order of n*.

Since there is a one way coupling of the sensitivity analysis to the forward
dynamics analysis, many different computation schemes used in dynamic analysis
can be employed to derive an effective design sensitivity method. Within this con-
text, direct differentiation methods are well-suited due to their procedural similarity
to the underlying dynamic analysis, their ease of implementation, and solution
accuracy. The first-order sensitivity analysis algorithm presented in this paper has
its roots in a recursive state space dynamic formulation [1, 21]. Combining the
recursive formulation with direct differentiation methods permits a systematic and
effective strategy for generating and solving sensitivity equations simultaneously.
The method presented will greatly reduce computational expense of a specialize
direct method in handling large sets of sensitivity equations.
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2. A Sensitivity Analysis Overview

Several methods exist for performing the important task of determining the deriv-
ative quantities required in sensitivity-base optimization strategies. The first and
possibly most broadly applied method is divided-difference approximations.
Divided-difference estimates the sensitivity by analyzing perturbed design points
without explicitly differentiating the equations. Due to the additional set of func-
tion evaluations required, this approach may be numerically expensive [7]. The
accuracy of this approach is also affected by the magnitude of perturbation as well
as the shape of the true design hyperplane at this design point, and is subject to
truncation and possible round-off errors.

The use of the adjoint variable method to compute first-order sensitivity as it
relates to multibody dynamic systems was initiated in the late 1970s [15] and
has made significant progress since then [4, 5, 10]. A set of adjoint equations is
introduced to represent the variations of state, initial and final times, and Lagrange
multipliers. This approach can yield sensitivity equations with either Differential-
Algebraic Equations (DAE) [14] or Ordinary Differential Equations (ODE) [4].
The adjoint variable method reduces the amount of computations associated with
direct differentiation by reducing the number of equations to be solved [16, 24].
Specifically, the adjoint variable method requires of the solution of (n + m + p)
differential algebraic equations, compared to the solution of (n +m)(p + 1) equa-
tions for the direct differentiation method. While this can dramatically reduce the
amount of computational operations for large system, this method can still be pro-
hibitively expensive and has the disadvantage of not yielding the potentially useful
state derivatives explicitly [24].

Additionally, the adjoint variable method may result in highly complex formu-
lations, and for a variety of reasons can be inconvenient to implement [9, 20].

Firstly, a massive volume of information may be determined during the for-
ward integration of the system equations, and must be stored for subsequent use
in the backward integration. This increases the number of input/output operations
necessary, greatly slowing the simulation/analysis process, and the amount of data
storage space required may be quite large. Second, because efficient integration
schemes usually use an adaptive stepsize control, the timesteps of forward and
backward integration may not coincide [10]. An interpolation model must thus be
employed. Whenever the derivatives at intermediate timesteps are required, their
values are evaluated from the interpolation model. This procedure may be a source
of inaccuracy causing the solutions of adjoint method to be rather sensitive to the
interpolation error.

Potential advantages of using a direct differentiation method are that sensitivity
equations can be derived in a very straightforward manner by directly differen-
tiating the system equations of motion without introducing additional complex
numerical scheures. Additionally, the set of sensitivity equations associated with
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each design variable can be generated/integrated separately from, and concurrently
with, those associated with the other design variables.

The resulting analytical expressions of sensitivity are free from truncation errors
and the derivatives are accurate up to integration precision. These methods result in
initial value problems which can be integrated forward in time simultaneously with
the equations of motion and performance measures. Another potential advantage
of direct differentiation methods is the explicit determination of state derivatives
with respect to design parameters, which may be desired. However, a general di-
rect differentiation procedure becomes cumbersome due to its production of large
quantities of derivative terms, and the size of the set of sensitivity equation is
considerably greater than those produced by adjoint methods.

Another method that is applicable for yielding derivatives is the automatic dif-
ferentiation technique (AD) [3, 7]. Simply speaking, AD is a collection of computer
science techniques, which systematically implement the chain rule of differentia-
tion. AD can be proceed by either forward or reverse modes. The difference in
these modes is that the implementation of the chain rule of differentiation starting
from the independent (design) variables results in the forward mode, while differ-
entiation which begins from the dependent (performance measure) variables is the
reverse mode. If the number of independent variables is larger than the number of
dependent variables, then the reverse mode will require fewer operations than the
forward mode, but is quite complicated to implement. Recently, AD codes have
become available for the production of sensitivity-enhanced versions of computer
programs. Many cases have been reported of the superior performance of AD rel-
ative to divided-difference approaches in speed and accuracy [3, 6]. Additionally,
significantly less computer memory usage tends to be necessary for AD, than is
required using other symbolic formulation manipulation programs (e.g., MAPLE)
[8].

In general, AD tools can reduce the engineer effort in hand-coding and are
recommended over finite difference for moderately sized computer programs [3].
However, some researchers have pointed out that one must be careful in the ap-
plication of AD tools to arbitrary numerical algorithms. Eberhard [10] indicates
that including expert knowledge about the problem structure within the algorithm
is extremely hard to achieve with AD tools. Without implementation precautions,
a pure syntactical analysis may not be sufficient and could possibly yield wrong
results.

Additionally, recursive state-space formulations are often used for the derivation
of complicated system equations. The operation cost for such a recursive com-
putation must be accounted for when an AD technique is employed and the AD
procedure used must ensure convergence of the process [3]. For more advanced
dynamic formulation algorithms which manipulate equations very differently from
conventional (more traditional) methods, care must also be taken in the augmen-
tation of the original codes for the purpose of producing sensitivity information.
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This is particularly so for cases involving algorithms which decompose and solve
the equations of motion as they are being formed.

3. Dynamic and Sensitivity Analysis Preliminaries

Design optimization problems of multibody dynamic systems begin with the math-
ematical formulation of the system equations of motion, configuration and design
constraint conditions, and the objective functions. For a nominal design problem,
the performance measure functions can be expressed as

min. J = (gggtP)—F/f .4,4,t; P)dt

st. Gi(g,9,4.5;P) <0
Hi(q.q.4.1: P) =0. (1)

In this expression, g is the vector of system’s n generalized coordinates; g and g
are the first and second time derivative of g, respectively; 7 denotes time; and P
is a vector of all p design variables. Sensitivity-base optimization methods require
the derivatives of Equation (1) with respect to each of the design variable p; in P.
To this end, applying a direct differentiation approach to the objective functions J
yields

4 o+ dai -+ T g |y, 94

dp] qi d qi dp] 5qi dp] ’
where the derivatives of the design constraints G and H in Equation (1) yield the
same form as Equation (2). In expression (1), and all subsequent mathematical
expressions, the following indicial notation is employed

04 _ 4 3

P) B] — 4Q,B;> ( )
where the subscripts i and j indicate the indices/components of A and B, re-
spectively. Any subscript character placed after the symbol °, denotes the partial
derivative of the preceding term with respect to this quantity, and summation over
all repeated indices within each term is implied.

The quantity J ,; appearing in Equation (2) can be calculated without much dif-
ficulty because it only involves terms of J containing p; explicitly. The terms J ,,,
J 4;» and J ;5 in Equation (2) can also be determined in a similar manner. However,
due to the implicit relationships between g and p;, the contribution to dJ/dp; from
dgi/dp;, dg;/dp;, and dg; /dp; is considerably more involved. Fortunately, these
derivatives need not be performed independently, since the relations

T
dg; dg; dg;
qi _ / qi g4 94
dp; dp; dp;j
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and

T

" @i "
g _ f G g4 Y4
dp; dp; dp;

(&)

0 t=0
exist.

Equation (5) enables the total derivatives of dg; /dp; and dg; /dp; to be obtained
from the temporal integration of dg; /dp; evaluated at the current design point P.
The determination of derivatives for use in the sensitivity analysis is now reduced
to the problem of determining values of dg; /dp; for the entire time interval of
interest. Traditionally, these key elements are computed by considering a general
form of equations of motion [9]

Mg, 1; P)j = K(q,d.1; P), ©)

where M(q,t; P) is the n x n system mass matrix and K(gq, ¢, t; P) is an n
term vector containing the applied forces, as well as the centripetal and Coriolis
acceleration contributions to the inertia forces.

Taking the first-order total derivative of Equation (6) with respect to p; yields

d (Mq) d K (7N
— _q —_— __’
dpj - dpj

YV PO . . ®)

—Dj —qr dp] g —dp] - —Pj —qr dp] —’QV dp] ’
R P - . S VRV A P )
dp] = —Pj —qr dp] =4 dp] —Pj qr dp] 1 ’

wherer =1, ..., n. Equation (9) is the set of governing equations yielding dg, /dp;

in first-order sensitivity analysis. It represents the sensitivity for an open-loop dy-
namic system written in state space form associated with the design variable p;. At
this point the analyst is left with the still considerable task of producing the indi-
vidual terms appearing on the right-hand side of Equation (9), and then performing
the indicated matrix operations to complete the first-order sensitivity analysis.

3.1. UNDERLYING DYNAMIC FORMULATION

A velocity space projection method as presented by Kane and Levinson in [18] is
the underlying formulation used in this paper to produce the terms appearing in
Equation (9). The concepts of generalized speeds, partial angular velocities, and
partial velocities are the key to this method. The angular velocity of body k with
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respect to an inertial reference frame N, Yw*, and the velocity of the mass center
of body k in N, “*, can be expressed as

Z wfu, + ok, (10)
Z Viu, + M (11)
In general, the generalized speeds u, (r = 1, ..., n), appearing in Equation (10—

11) are analyst specified invertible combinations of the generalized coordinate first
time derivatives, and characterize the motion of the system. The vector quantities
Ne* and Mv* are the rth partial angular velocity of body k in N, and the rth partial
Velocuy of the center of mass of body k in N, respectively. These quantities form
the basis vectors in the holonomic velocity space associate with the system and are
the key to forming the generalized active forces and generalized inertia forces. Fi-
nally, the quantities Y@! and Mv* are respectively referred to as the angular velocity
and velocity remamder terms, and result from specified/prescribed motions.
Differentiating “w* and “* with respect to time yields the angular acceleration

Nek | and the center of mass acceleration *a* of body k in N

ek Z Wk, + (Z Nou, + Nw") (12)

Nk Z vEi, + (ZNV u, + v) (13)

Kane’s dynamical equations [18] can be written as
F+F'=0 (r=12,...,n), (14)

with the rth generalized active force F, and the rth generalized inertia force F}
defined as
F 2% (Yob - M+ VvE. VRY), (15)
k=1
v
Fr* é Z(Nwl; . NTk* 4 NV/; X NRk*), (16)
k=1

where v is the number of bodies which comprise the system. Quantities V' T* and
NR¥ represent a resultant force-torque system acting through the mass center of
body k which is equivalent to the set of all contact and distance forces acting on
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k. Similarly, VR*" is the inertia force associated with acceleration of the center of
mass of body k in N, and Y TX" is the central inertia torque associated with angular
acceleration of the body k in N. Equation (14) can thus be written as

Y oM — K, =0 (r=12....n (17)

with the elements of M and K matrices obtained from

v

M, = YN T N M, (18)
k=1
%

X, =Y el TNl N ME (19)
k=1

where M* and I/¥" are the central mass and rotational inertial dyadics of body .

If one defines scalar matrices for: the partial velocities (or free mode of motion
[23]) ; the local central inertia matrix for the body I¥; and the total applied load
L , each associated with the body & and the local body & basis, as

f"—[NQf] (20)
=—r va ’
—r d6x1
J L)
Ik = , 21
=l { 0 M D
o6x1
o k* gk
J J
2R B (22)
ﬁt +£ 6x1

with 75 and R*" expressed as
Ty = —M af, (23)
R = KK Ny — Mot x) Ky TR/ Ny, (24)

where the quantity (y x) is a matrix form of the vector cross product operator y x;
M,; and K, can then be expressed as

=Y (PH" 12k, (25)
k=1
and
K, =Y (@O F}. (26)

k=1



FULLY-RECURSIVE SENSITIVITY ANALYSIS FOR CHAIN SYSTEMS 9

Differentiating Equation (25) with respect to p;, and generalized coordinates g,
yields

v

M, =D (@O B2+ @O, 4, P+ @D 82t ] @D
k=1

—Z (@D LP]+ (P12, 20 + (@D 4L2, ] (28
k=1

=riqr

while the partial derivatives of Equation (26) with respect to p;, g,, and g, produce

Kr’pj — Z (C(/)k)T ak _|_ (C(/)k Tr\-']{ »; ] (29)
k=1

K, = > [@HT £+ @HT£E ], (30)
k=1

K,y =Y (@Y7 Fr+ @HTFL . 31)

k=1

Equations (27-31) can now be substituted into Equation (9) to yield the first-
order sensitivity information. However, this brute force direct approach suffers
from the major shortcoming of quickly becoming prohibitively costly and cumber-
some for systems which involve large n and/or p. The production, and subsequent
system of equations decomposition associated with M~ appearing in (9), requires
O(n®) operations overall by direct methods. Worse still, the matrices M _ and
M, (G=1....,p;r=1,...,n)appearing in (9) and determined from ]équa—
tlons (27) and (28), may require 0( p*n’)and O(n xn?) operations, respectively,
to be fully determined.

Therefore, an overall O (n*) cost is inevitable for the determination of the so-
lutions dg /dp; from Equation (9). This arguably high cost is an outgrowth of the
manner in which the equations of motion are constructed and the blind application
of the chain rule of differentiation. More specifically, each element in M or X is
explicitly assembled and subsequently differentiated, often without regard of the
fact that these quantities can be more efficiently determined by making full use of
previously determined quantities, or need not be explicitly found. This explicit cal-
culation and differentiation of often recurring quantities, a phenomenon generally
inherent in more traditional state-space dynamics formulations, can result in many
more operations being performed than is truly needed. To achieve a significant
reduction in computational cost through the elimination of many explicit, repeated
calculations and differentiations, incorporating recursive relations offers a viable
solution.
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Joint k

Body k-1

*-1)"

Figure 1. Schematic of adjacent bodies within chain system.

4. Recursive First-Order Sensitivity Analysis

The use of relative coordinates and recursive relations has been shown to have
some desirable aspects for producing system equations of motion when using a
state space (particularly recursive) formulation. Based on a velocity space projec-
tion method [18], the algorithms developed in [1, 2, 21] have demonstrated that
generalized acceleration can be determined in O(n) operation overall for general
multibody dynamic systems in sequential implementations. These recursive O (n)
algorithm form the basis for the derivations presented here.

4.1. RECURSIVE DYNAMICS FORMULATIONS

Consider a chain system of rigid bodies, of which an arbitrary pair of adjacent
bodies are shown in Figure 1. For this system, parent body k — 1 is connected to
its child body k through joint k, via joint points Kk~ and k* which reside in bodies
k — 1 and k, respectively. The position vector s* locates joint k relative to the mass
center of body k — 1, while the position vector r* locates the mass center of body
k with respect to the outboard end of this same joint. It will also prove convenient
to describe the position of child mass center k relative to parent mass center k — 1
by the vector y*. Finally, the generalized speeds u; to be used in the recursive
holonomic relations are

up=qr *k=12,...,n). (32)
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With the various system parameter and variables so defined, the O(n) algorithms
developed by Anderson [1, 2] and Rosenthal [21], give the kinematic relationships
between bodies k — 1 and & as

ka — ka—l 4 k— lwkqlc 4 k—lwic’ (33)
Ngk — Ny(k=D) 4 Nyk=1 o ik

+ (k lkaf k—1 k) % S + f+ kfvf-ﬁ-’ (34)
Nak — N(Xk_l 4 k— lwkqlc 4 ka 1 % (k lwkqlc 4 k—lwic)’ (35)
Nak — Nak=D) 4 Nyk=1 o y K Ngh=T 5 (V=1 x %)

+ Vo* x Mw )

+[k lﬁ)kq']f—f— ka lx (k lwqu k—1 k)]
+ 2ka—l % ( Vk+qf k_Vf+) + k Vk+q’/f (36)

In Equations (33-36), the vectors *~lw* and kiv’fr represent the rth partial angular

velocity and partial velocity, respectively, associated with joint k. By comparison,
the terms ~lw* and ¥ vt which also appear in these expressions, are associated
with the spemﬁed (prescribed) rotational and translational motions, respectively, of
this joint. In addition, the free mode of motion £* of body k due to joint k — 1 can

be shown [1] to be

KT NQ]/:i T pk—1
= (é ) va—l = (é ) L1 (37)
Ch

where the elements of § k and P Pph— i are each associated with the local basis vectors
fixed in body k — 1. The shzftmg matrices $* is defined as

U k
gha| =X =) (38)
Q Q 6x6

where U is simply an identity matrix, and y*x is a skew symmetric matrix rep-
resentation of the vector cross product operator. One may apply the kinematic
relations Equations (33-36) recursively working outward from the system base
to its terminal body, producing the generalized velocities together with expressions
for the generalized accelerations associated with each body.
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When the procedure reaches the system terminal body, a recursive inward pro-
cedure takes place to implicitly assemble M and K. At the terminal body k = n,
the summation indicated in Equation (25) contains only a single term. This is due
to the use of relative coordinates for describing the location of all child bodies
relative to their parents, and yields

M, = (PHT L P. (39)

Lni

Continuing this process by working inward to body »’s proximal/parent body n —1,
Equation (25) yields the summation over bodies n — 1 and n, namely

M,y = (2D L2+ (2 ) L2 (40)
From Equation (37), (£,11_1)T can be written as
(ﬂ_l)T — [nQn_l(én)T£Z:i]T

= [ 2] @l

-
The special matrix 4 ¥ used in Equation (41) provides a basis consistent shifting
operation. This matrix is defined as

S5 £ s4ek, (42)

where C* is the direction cosine matrix relating basis k and that of it parent body
k — 1. Equation (40) now becomes

-
ﬂ(n_l)i — (c(/)n_l)TiT_l£?_l+(e7jn_l)T éni,ilﬁfl

< n—1 =n—1
_ (C(Pn—l T[ln—lgjn—l+ znln:j)n]
- \Z -1 1 < =2 21

= (P DIRT+ 8" RS, (43)

or, for a general element M;,

My = (PHT (R A 8 RET (44)
= (PP RS, (45)
where
RY, = ISP (46)
Ry = R+ 8 R (47)

In a manner directly analogous to the recursive procedures demonstrated above,
the matrix K can also be determined. With the shifting matrices so defined, the
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system of forces and moments whose line of action passes through mass center of
body k can be transformed to an equivalent systems of forces and moments whose
line of action passes through a point of body k that is instantaneously coincident
with the mass center of parent body k — 1. Thus, one obtains

Koy = @EDTET + (P )F,
= (PDT(PT+ 8" FD). (48)

The general expression for X, is

K, = (PYHT(FEt 37 Fh) (49)
= (20" £, (50)

with £ defined as

«—
ak _ gk k+1 —k+1
Fh=Fhy gHght, (51)

The procedures indicated by Equations (45) and (50) offer considerable com-
putational savings over those of Equations (25) and (26). Equations (45) and (50)
indicate that producing individual element of M, ; and K, each requires four 3 x 3
sub-matrix multiplications. By comparison, Equation (25) requires 4n multiplica-
tions to compute M, while 2n multiplications for X, are needed in Equation (26).
Thus, employing the recursive scheme permits M to be filled in O (n?) operations,
and KX may be filled in O (n). Likewise, direct differentiating elements of M ,; and
J, can benefit from the kinematic recursive relations to yield derivatives in a more
efficient manner.

4.2. FULLY RECURSIVE SOLUTION SCHEME

If one chooses to simply proceed along the lines indicated by Equations (40-51),
then one is left with what the authors term a partial recursive sensitivity scheme,
and can achieve O (n?) computational performance in producing the essential par-
tial derivatives associated with matrices M and K. This procedure is presented in
Appendix A and does not take full advantage of all useful recursive relationships
and operations available. The result is a formulation which is similar, but not iden-
tical, to that derived by Tak [26]. Due to their similarities, both approaches suffer
from the same shortcomings. Specifically, in both cases the form of sensitivity
equation (9) has been maintained, so one is still left with the requirement (and ex-
pense) of explicit procedures for matrix multiplications and decomposition. These
matrix manipulations result in O(n?) computational requirements per sensitivity
value, which may still be too expensive for application to large systems. As a means
of circumventing these shortcomings, a fully recursive procedure is proposed. The
central aspect of the fully recursive approach to be presented is the formulation
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of equations and solution for first-order sensitivity values without ever having to
explicitly form M, K, or their derivatives.

Featherstone [12], and others have demonstrated that the generalized accelera-
tion ¢ can be solved for in O (n) operation without explicitly forming M and X.
Such a philosophy can significantly reduce the cost associated with modeling large
systems. The solution scheme is to recursively perform the implicit inward trian-
gularization associated with the decomposition of the system of equations and the
outward back-substitution for obtaining ¢,. Following this concept, the procedure
begins from with the terminal body once the recursive outward sweep given by
Equations (33-36) to calculate kinematic quantities has been performed.

At the terminal body, the scalar representation of the generalized acceleration
matrix can be written as

An _ (én)TAn—l +£an, (52)

where A = A + A,, and A contains only those accelerations terms which are
explicit in the unknown ¢’s. Equation (52) allows one to isolate ¢, for recur-
sive substitution in the remaining development. Kane’s dynamical equations [18]
associated with this terminal degree of freedom may be written as

Fy+ Fy =0 = (P)TLA" — F1]
= @D'[LENAT = F1]+ Mundin (53)
from which the generalized acceleration ¢, is acquired as

. (ﬂ)T n nigmT =1
i = —7—[F1 - L8N A ] (54)
Proceeding inward to n’s parent body n — 1, one has

F,_1+ F:—l =0

n— n—1 gn—1 n— n n 4" an
= (P ! T[i] lﬁ -5 1] + (&_1)T[£1ﬂ _Ll]

=n—1

<« <« 1 <« <« —
=2 T([g“+ $"HEN — o 3" L2 P AT
an—1 (_nrvn 1 <_n ngpnpn\T qgn
- L] + é L] - M é £1J_,1(J_,1) Ll
n— n—1 gn—1 n—
=@ WA - F, (55)

or for a general body k

Fo+ Ff = (2D IA — FH =0, (56)
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where the matrices l", F ’3‘ , and My, are recursively defined as
k k e k1 gh+1 g kHINT
£3 = il + (é 13 8"

1 < -
- [N LT 2, (57)
k+1k+1

<«
ok _ ok k+1 gk+1
Fy = Fi+ (8 F5

— BT L@ ) (58)
My = (PO L35 (59)

Proceeding in this manner the equations of motion are effectively put in lower
triangular form as they are being built. Once the base body is reached, infor-
mation associated with the entire set of outboard bodies has been accumulated
and is implicitly available such that the equation M,,g; = (£i)T£ é can be
isolated and solved for ¢;. At this point the method reverses direction and again
works outward from the system base body to the terminal, recursively performing
a backsubstitution via the relations

. (POT ST k=1
G = ——[F - 18H" A ] (60)
kk
and
—k kT Tk—1 ko
A=EB")A  + Pk (61)
Equations (60) and (61) clearly indicate that solving foreach g; (i =1, ...,n)can

be performed at a fixed cost due to the recursive manipulations. Such a solution
scheme does not require forming the entire system matrix M explicitly. Instead,
each off diagonal element of row k for the triagularized form of this matrix is
implicitly manipulated as the diagonal element My, is formed, eliminating many
operations.

This recursive solution scheme can be extended to the determination of first-
order sensitivity values equally well. Specifically, the triangularization process is
conducted first to express each of dg; /dp; in terms of dg;_;/dp;. When the pro-
cedure reaches the base body, dg; /dp; is solved for explicitly, and is then used to
begin the recursive back-substitution which follows to yield all dg; /dp;.

At the terminal body k = n, the articulated body inertia mass matrix " {5 and
the articulated body generalized forces matrix " #% [12] involve only one term so
their total derivatives yield

d A d 45 d 4" d d Fi d F (62)
-— = — = — an -— = — .
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The derivative of d” 45 /dp; allows the calculation of d.M,, /dp; from Equation (59),
specifically,

de dp] Zn =3<% n “Zn d j_3 Zn
n\T gn d n
+ (&) I3 | —2, |- (63)
dpj
Working inward to body n — 1 yields the total derivatives of d&’;‘l /dp; and
dzg’_l/dpj, namely

d ln—l d ln—l+ d znln(zn)T
dpj 3 dpj_l dp] = =3
Mnn = =3% 5 =3% n

nn

_ ! [Z”l’éﬂ(ﬂfﬂ]) (65)

So dM,,_1,—1/dp; is now available. Examination of Equations (64) and (65) in-
dicate that a constant operation count for differentiation is achievable due to the
fixed dimension of each matrix involved. Similarly, the derivatives of each quantity
with respect to the generalized coordinates and velocities can be performed at a
fixed cost due to the local differentiation property. Ideally, the derivative operation
performed on each body is of O (1) which then leads to an O(n) overall cost for
the triangularization process.

The triangularization procedures are performed recursively inward until the
base body is reached, leaving a single function of ¢,

. (PD'E
g = ———, (66)
M
from which one is able to compute the derivative of ¢; with respect to p;
d . d [(@)'F]
dp; dp; My

At this point in the implementation (as with Equation (60)) the procedure
changes direction and moves outward from base body to terminal body to perform

the sensitivity back-substitution. At body k = 2, the information of dA ! /dp; has
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to be computed in order to obtain the solution of dg,/dp;. From Equation (52),
one obtains

d - [ d 1i| . 1 [ d o ]
—A =—P | +P | —q|. (68)
dp; dp; ! ! dp;
Substituting the result obtained from Equation (68) into the differentiated form
of Equation (60) yields the desired dg,/dp;. The generalized procedure for the

sensitivity back-substitution is carried out in an orderly manner through the two
equations

d . d [@D" ok i oinr ko1 }

o= — | B (- gkahT AT (69)
dquk dpj [ Mk ( 3 3(_ )

d -k d <_k T k=1 koo

—A =—|[@B) A+ Prgk| (70)
dpj dpj[ <k k]

To this end, the key quantities dgy/dp; in the first-order sensitivity analysis are
determined in a fully recursive manner. Inspecting the back-substitution procedure
as indicated in Equations (69) and (70) one observes that neither the number of
terms nor the required number of operation increase as the procedures proceed.
Consequently, the triangularization and back-substitution processes yields an O (n)
operation performance overall for one design variable. For an entire set of p design
variables, the proposed solution scheme is able to achieve an O (pn) operation per-
formance overall for obtaining all solutions associated with the p sets of sensitivity
coefficient equations.

5. Numerical Examples

To demonstrate the characteristics of the presented multibody dynamics systems
first-order sensitivity algorithm, this section focuses on its fundamental perfor-
mance and compares its solution accuracy with that obtained by more traditional
direct differentiation approaches. The dynamic analysis and simulation software
AUTOLEYV [22], as well as the symbolic manipulation package MAPLE were em-
ployed to perform equation formulations and differentiation operations. For these
numerical comparisons, the same coding strategies, integration procedures, very
limited I/O, etc., were employed so that the resulting principal difference in the
simulation/analysis codes was in the underlying formulations used. Thus, these
code’s raw performances can be better compared.

A spatial chain system is used to compare the computational performance of the
presented algorithm with a more traditional approaches based on a more conven-
tional O (n*) dynamics algorithm. As illustrated in Figure 2, the required CPU-time
for the presented algorithm to perform sensitivity analysis increases linearly as the
number of system degrees of freedom n increase. This result directly indicates
that the algorithm is indeed an O(n) method. When n is small (~ <4 for the
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Figure 2. Comparison of experimentally obtained CPU times for sensitivity analysis.

chain systems investigated), superior (faster) performance for the determination
of sensitivity information will likely be achieve using the O(n?) based method-
ologies, which actually perform as O(n*) overall per sensitivity value. This is
due to the relatively small coefficient these methods have associated with their
n* cost term, which results in comparatively low overall costs for small values of
n. However, as n becomes large, the approaches based upon the O(n) formula-
tion become significantly faster than the O(n?) based approaches for performing
the first-order sensitivity analysis. This relative performance gain arises from the
fact that the computational costs associated with the O(n) based methods increase
much less rapidly with n, than for the O (n?) based O (n*) methods. Consequently,
one can conclude that the presented O (n) sensitivity algorithm is superior than the
traditional O (n*) based approaches when dealing with large dynamic systems.

A double pendulum, similar to the single pendulum example presented in [24],
is provided as another example to demonstrate the validity of the presented method.
The double pendulum shown in Figure 3 is modeled as a two degrees of freedom
system and is restricted to the planar motion. The system properties are defined as
in Figure 3. The system is acted upon by gravity g, but is free from all other applied
or friction forces.
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Figure 3. A planar double pendulum.
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Figure 4. Sensitivity time history for §L .

The objective of this example is to compute the sensitivity coefficients of the
system kinetic energy to perturbations of the set of variables [L, L, Mp, Mg].
The system kinetic energy is expressed as

1
KE. = Z(Mp "Wty - MV, + Mo MV, - YWy, (71)

The first-order sensitivity information associated with each variable is then calcu-
lated using: a traditional O(pn*) method as described in Section 3.1; a straight
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Figure 5. Sensitivity time history for §L,.

finite difference approximation; and finally using the ‘fully recursive’ procedure
presented in Section 4.2. The magnitude of perturbation is 1.0 x 10~ for variables
Ly, Ly, and M where 5.0 x 10~ is used for M p. Figures 4-7 plot the time history
of the computed first-order sensitivity with respect to each design variable. These
figures clearly indicated a good solution agreement between the presented O (n)
method and the other two approaches. Additionally, the presented O (n) method
does not exhibit numerical instability during an entire 20 seconds simulation and
being analytically exact, does not suffer from sensitivity to the magnitude of the
parameter variations, integration scheme characteristics, or system stiffness which
the finite difference approaches commonly exhibit. Both the solution accuracy and
numerical stability provide evidence for the proposed method to be a practical,
viable sensitivity analysis tool.

6. Conclusions

A fully recursive sensitivity analysis method is presented for the determination of
first-order sensitivity information for the design of multibody dynamic systems.
The use of recursive relationships coupled with the local representations of dy-
namic quantities significantly eliminates many matrix manipulations and derivative
operations exhibited with traditional direct differentiation approaches involving
more convention O (n?) state space formulations. The provided numerical exam-



FULLY-RECURSIVE SENSITIVITY ANALYSIS FOR CHAIN SYSTEMS

21

10

-2 4

4 4

-6

-8 -

direct O(n®) differentiation
recursive O(n) differentiation

%

®

-10

7

6

T T

4 5

Simulation Time (seconds)

3

Figure 6. Sensitivity time history for §M .

10

80
70 4
60 4
50
40 4
30 4
20 4
10 4

dKE/dm,

-10 A
-20 4

-40 4

—— direct O(n?) differentiation
O  recursive O(n) differentiation

@

)
o)
&R
&

) Np

4 5

Simulation Time (seconds)

3

Figure 7. Sensitivity time history for §M,.

10



22 K.S. ANDERSON AND Y. HSU

ples demonstrate the solution accuracy, method validity and stability. Indeed, the
O (n) based approach presented obtains all sensitivity terms associated with p
design variables and n generalized coordinates in O (pn) operations overall, com-
pared to the O (pn*) performance which is realized by the straight direct differenti-
ation approach applied to a conventional O (n*) state-space dynamics formulation.

Appendix A: Recursive Sensitivity Formulations

Recursive sensitivity formulations procedures, which are logical extensions of the
relationships presented in Section 3, do not necessarily utilize all potentially ben-
eficial recursive relationships available. Indeed, the Fully Recursive Sensitivity
Algorithm presented in Section 4.2 differs markedly from other ‘Recursive Sen-
sitivity Algorithms’ which predated it, in their recursive steps. As with the fully
recursive procedure, the first set of outward calculations recursively works from the
system base body out to the terminal body, determining kinematic quantities and
their derivatives. To this point, the presented O(n) first-order sensitivity method
and the recursive method as presented by Tak [26], are highly similar. However,
from this juncture the methods deviate greatly. Instead of triangularizing the sensi-
tivity equations as they are being formed, one may instead work inward recursively
generating partial derivatives of kinetic quantities and assemble matrix elements.
According to Equation (37), the following partial derivative relationships exist

Phy, = @Y P g 2h (72)
Phy, = @Y P %q, +@HT P (73)
Pha = @Y 2L+ @@ (74)

The procedure then proceeds recursively inward from terminal body to base
body in order to formulate each element in the matrices M , , M ., K ., K ,
and K , . At the terminal body k = n, partial derivative 0f1 Equatlon (39) w1th
respect to design variable p; yields

M, = @D P+ (P, P+ PR Py (75)
Since &’ °” (i =1,...,n) have all been determined previously from the outward

recursive procedures, &’f »i is the only term which still needs to be computed. The
expression of £} p; can be simply written as

£ = 9 g7 !"1’{7* ! 76
1p/:a—1— 0 ﬂnp/ . (76)

The local differentiation ensures that the term [ , will vanish if p; is neither a
geometric quantity manifest in an inertia scalar, nor a mass property. Additionally,
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both £ ~and L7, are equal to zero, since {} is not a function of g,, or ¢g,.
Therefore the computatlonal order associated w1th the derivatives of inertia mass
matrices reduces to O (1). By working inward to body n — 1 one obtains

ﬂ(n_l)s’pj — [(J)n 1)T 11’! lr)n 1+(j)n l)Tln 1()}1 1

+(£ )T.ln lr)n 1]+[(j) )T lnr)n

Lpj 2L

+(£} )T lp_‘v+(€(/)n )Tﬂll’lon ]

__sp/

— (J)n l)T (111 lr)n 1+ /Snlnr)n)

_|_(€(Pn 1 (ln lon 1_|_ /Snln P

=n—1 lp—\s

+(€(/)n 1) (ln lon l_|_/3 lnon )

+@" /3” Al P (77)

Therefore, recursive relations yield a concise expression for the derivative of a
general element M,; with respect to p;, specifically

My = MOT R+ 84 REH]

=ki,pj
+ (@POTIRL A+ 8T RIS

+(@PHTRPY A+ 8 RPE

n

I . - .
+@H" | Y (H 3., )@{wy“&“) (78)

Jj=k+1

= (PHT RE +(PHT R,

\pj=2i
+ (PO RPS + (2 RRPS, (79)
where
ﬂlfi = yfﬁf’
-« (80)
R, = Ri+ 8 REH,
{ T (81)
RIL = RIL A+ S RIS,
B = Ly, 82)
RPE, = RPA+ 3T RPEF,
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Y _ektl gkt2 gkt3  gj-1 g
[1 8., =8 8" 882 870 50
a=k+1 . ; (83)
RRPY = ) (H é,pj) (Ri+ 87 R
j=k+1 \a=k+1

Similarly, one obtains the derivatives of M,; with respect to the generalized coor-
dinates g,

My, = (POL IR+ 8 R

+ (2P IRA} A+ 8" RASH

n J <~ . . .
+ @D Y (1_[ é,q,) (R + 1877 R (84)
j=k+1 \a=k+1
= (2L Ry + (2D RE, + (2HT RRAS. (85)

The recursive procedures illustrated above for deriving M,; , and M,; . can
be applied to the KX, matrix equally well. For instance, at terminal body n, Equa-
tion (26) contains one term so its derivative can be written as

= (PO, EN+ (@D EL . (86)

&n,pj

Working inward to body n — 1 yields

T ‘~n 1 n—1 T.~n 1
Ko 1, = (@D F + (@i Fi )]

=T

£ n—1
_ (C(/)n l)T ({an—l_{_ gn}vn)
- -1/, p; N1 = 21

+(j)n 1) (‘?n 1 nr~n )_i_(j)l‘l 1) /S (87)

A generalized formulation for the derivatlve of K, with respect to p; is thus
obtained

T F 1 qgr+1
Kr’pj = (33’) [ r /SH_ £+]

+ (@D F P+ 8T FPL
n J <~ . L .
@' (H 8, ) &+ g @)
Jj=k+1 \a=k+1

= (PN, Fr+ (PN FP,+ (P FRP, (89)
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where, by definitions,

Fh=F+ 8 E, (90)
FPy=FP+ 8 FPH (91)
U <« <« <« <« <«
1_[ /3 _/Sk+1 /3/(4—2 /Sk+3 /S]—l/sj
=.,p; T = = = = Z.pp

=k+1

A=kt . ; (92)

PR = (H é) (Fi+ 877 F.

j=r+1 \a=r+1

Likewise, the derivative of K with respect to ¢, and ¢, can be obtained

K, = @OLIE+ 8 F N+ @) FQ+ 8 Fait
n ] <~ . <~ .
+@DT Y (H é,q,) (F{+ 87 F |, (93)
j=k+1 \a=k+1
= (P, F5+ (2D FQ, + (P FRA,, (94)

— (P IF+ 8 E (@D [FA+ 8 FQST

—7"qr

+@n" Y (H é,q',) E{+ 37 FE | 95)
Jj=k+1 \a=k+1
= (PN, FL+ (2D FE, + () FRA,. (96)

Explicit recursive relationships for computing the partial derivatives of matri-
ces M and K have been demonstrated and generalized in Equations (79), (85),
(89), (94), and (96). Since each quantity is itself expressed in a body frame (local
coordinates), the local differentiation property ensures the simplification of its cal-
culation. One obtains O (1) operation cost for calculating the individual elements
of M M K K and X, . . Consequently, producing the partial

—ri,pj> ==ri.q;’ ==r.p;> =rqr’
derivatives of M requires O(n?) operation and the partial derivatives of X can
be determined in O (n). Unfortunately, the overall cost associated with solving for
dg,/dp; will still require O (n?) operations overall due to the explicit decomposi-
tion and solve of the system of equations which is associated with M ~! appearing
in Equation (9). This partial recursive approach offers a definite improvement in
performance over the O (n*) performance of the conventional direct differentiation
approach, which involves no recursive relationships whatsoever. However, the cost
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predicted for this method is far greater than that realized via the presented fully-
recursive first-order sensitivity method for systems involving large numbers of
degrees of freedom n.
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