Proceedings of IDETC/CIE 2005

2005 ASME International Design Engineering Technical Conferences and
Computers and Information in Engineering Conference
Long Beach, California, USA, September 24-28, 2005

DETC2005-85179

A METHOD FOR INFERRING THE OPTIMIZATION COST FUNCTION OF
EXPERIMENTALLY OBSERVED MOTOR STRATEGIES

Carlo L. Bottasso, Alessandro Croce, Stefano Sartirana
Dipartimento di Ingegneria Aerospaziale
Politecnico di Milano
Milano, Italy 20156
Email: carlo.bottasso@polimi.it

ABSTRACT

We propose a computational procedure for inferring the cost
functions that, according to the Principle of Optimalityyder-
lie experimentally observed motor strategies. This wolstto
overcome the need to hypothesize the cost functions, grggac
this non-directly observable information from experinzdata.
Optimality criteria of observed motor tasks are here indthe
derived using: a) a mathematical model of the bio-systend; an
b) a parametric mathematical model of the possible cost-func
tions, i.e. a search space constructed in such a way as to pre-
sumably contain the unknown function that was used by the bio
system in the given motor task of interest. The cost funttian
best matches the experimental data is identified within e¢laech
space by solving a nested optimization problem. This prable
can be recast as a non-linear programming problem and there-
fore solved using standard techniques. The proposed meithod
ogy is tested on representative examples.

INTRODUCTION

The Principle of Optimality [7] states that the neuro-
musculoskeletal system is taleonomicsystem, i.e. a goal-
oriented system that behaves so as to minimize certainwost f
tions (performance indices) [6]. If these cost functiongave
known, the inverse neuro-musculoskeletal problem (findiey
unknown, redundant controls) could be formulated as amtiti
control problem for a suitable mathematical model of the bio
system. Unfortunately, the cost function that is at the tefathe
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Principle of Optimality can not be directly measured anddsee
to be hypothesized.

In this work, we propose a humerical procedure that allows
one toindirectly determinghe optimization cost function from
available experimental data. The idea is to construct a rafde
the possible cost functions and, within this search spaeterd
mine the one that predicts a motion and the associated ¢®nfro
the bio-system that are as close as possible to the obsamesd o
In other words, the mathematical model of the system become
now a device that is used for determining a non-directly obse
able and hidden quantity from experimental data. The determ
nation is indirect, in the sense that it is based on both a imaide
the bio-system and on a model of the cost function.

The paper has been organized according to the following
plan. At first we introduce the mathematical models of theaeu
musculoskeletal system and we describe the Principle of Opt
mality. Next, we formulate our proposed methodology for in-
ferring the cost function from experimental data. The folanu
tion leads to the solution of a nested discrete parametenizai-
tion problem, i.e. a (outer) parameter optimization prabtbat
has among its constraints another (inner) parameter gation
problem. The resulting nested optimization problems isexbl
by expressing the necessary conditions for optimality efith
ner problem, and by appending them as additional conssreont
the outer optimization problem. This yields a standard pater
optimization problem that can be solved efficiently usiragsi-
cal techniques. Finally, the proposed methodology is deste
a representative problem. More details on the procedunes he
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described and further examples are given in Reference [4].

THE PRINCIPLE OF OPTIMALITY IN BIOMECHANICS

We consider a neuro-musculoskeletal sysgeamd its math-
ematical idealization . Model o is in general a multibody
system that includes rigid bodies with their inertial paedens,
joints, muscles with their mechanical and physiologicalgar-
ties, interactional forces with the environment, and otteenpo-
nents as required for the accurate representation of thbéimea
systems. The governing equations for systewn can be written
as

y_ f(ya U) =0, (1)
wherey € R™ are the state variables,c R™ are the controls,
andf : R"Y x R — R™. This dynamics problem is defined over
the domaim := (To, T) C R with boundary :={To, T},t € Q,

t being the time and the symb6l) indicating derivatives with
respecttd, i.e.(-) :=d(-)/dt. For a static problem, the equations
of equilibrium can be written as

f(y,u)=0. (2)

When the system contains closed loops or a redundant co-

ordinate formulation is used, the multibody governing eiues
of motion will be in the form of Differential Algebraic Equans
(DAE), rather than in the Ordinary Differential Equation@)
form of Equation (1), and they will write

3)
(4)

.y* f(y,u,Z) = Oa
c(y) =0,

wherec : RY — R"™ represent the multibody constraint equa-
tions, enforced by the Lagrange multipliezs R". The for-
mulation described here is valid also in the DAE case, but for
notational simplicity we restrict our attention to the SQ®E

ties are affected by measurement errors, which are typipal-
ticularly relevant for the controls? , such as muscle or motoneu-
ron activations; b) the mathematical modélis only an approxi-
mation of the real bio-system Assuming that the experimental
errors can be kept sufficiently small using suitable tespnm
cedures and equipment, the residuatsan be used to measure
thefidelity of the mathematical modek to the systeny for the
specific experiment corresponding to the measured valyés
andu®.

Consider now a models that is of acceptable fidelity for
experimentz, i.e. a model such tha is sufficiently small in
some suitable norm, for example the infinity nofim||.. The
Principle of Optimality states that there is a cost functlofy, u)
such that|&y||e, ||€u||» aresmall where

(6)
(7)

8y ::y*_y’£7
€=U —uf,

wheny* andu* are the solutions of the optimal control problem
with cost functionJ* for systenw :

min 3*(y.u)

s.tt.y— f(y,u) =0,
g(y.u) <0,

(8)

with a similar expression for the static case.

The vector of constraintg(y, u) := (ge(y,u)",g;(y,u)")T,
0 RW x Ru — R collectively represent all equality
(g:(Y,u) = 0) and inequality g, (y,u) < 0) constraints that must
be satisfied by the solution, including possible non-lineam-
straints and bounds on states and controls, and boundéigl(in
and/or final) conditions on the states.

The Principle of Optimality states that the solution of an op
timal control problem on modelr with cost functionJ* will
closely match the experimental measurements, the (snnadlse

case (1) in the following. &y, &, being only due to the approximate fidelity (Equation (5))

The values of the states and of the controls that are measuredOf M*to s for Caset. For a model of infinite fidelity, the results
on systen for experiment are noted/” andu? , respectively y*, u* of the optimal control problem would exactly match the
! . i ‘E ‘E
The compatibility of the mathematical modwel with the system experimental daty”, u®. _ _
$ inthe casee can be measured by evaluating the residuals of the Unfortunately, the functional form of the cost function

governing equations, by replacing the system states artdoten J*(y,u) is unknown, in general. The classical approach used ir
with the corresponding measured quantities: biomechanics to overcome this difficulty has been to: a) tiypo
esize a functional form fad*; b) solve problem (8); c) check the

errors in the computed states and controls with respecetexh
perimental measurements, Equations (6) and (7). Thigrigla
and error process, with no guarantee of success. In the follow-
An analogous expression can be obtained in the static cd®e. T ing, we propose a numerical procedureiftfierring J* from the
residualse differ from zero because: a) the experimental quanti- data of experiment .

=y — H(y" . u”). (5)
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COMPUTING COST FUNCTIONS FROM EXPERIMEN-
TAL DATA

In this section we discuss a possibtanstructiveprocess for
computing an approximation t&. The unknown cost function
belongs to some infinite dimensional space of cost functions

J(y,u) € Cy(y,u). (9)

C; is the space of all possible cost functions that will make
problem (8) solvable. The idea is now to construct a local ap-
proximation toC;, here termed aearch space of cost functions
S = {J(y,u; p)|p € R}, wherep are unknown parameters.
Clearly,S; does not span the whole space of cost functions, i.e.

S CCy; (10)

however,S; is constructed based on insight into the physical

processes governing the biomechanics problem, in such a way

that

‘]*(Ya U) ~ J(yv u; p*) € SJv (11)

for some yet to be determined value of the parameaérs

Example:Consider for simplicity a static problem, with system
governing equations (2) for modet . The cost function space
C; is composed of alC! continuous functions of andu. For
illustrative purposes, assume (based on suggestions wopge
publications) that cost functions are expressed in ternpoaf
ers greater than one of neural activatiansr powers of muscle
forcesfj, for the generic musclein modelas . Hence a possible
choice for the search space could be

Nk Nm Nk Nm
J(y,u;p) == kZZ pa,ki;aik + k; pf,ki; K,

whereNy is a maximum exponent value, say for examyle= 4,
andNp, is the number of muscles in the model. In this case, the
unknown parameterpak, k = 2,...,Nk, represent the level of
participation of the quadratic, cubic, etc. powers of thernec-
tivations to the cost function. Similarly, the unknown paeders
pr k. k=2,...,N, represent the level of participation of the cor-
responding functions of the muscle forces. Therefore, welavo
define in this case® = (..., Pak---;Prk---) ", K=2,...,Nk.
Note that a normalization condition needs to be enforced@mo
the parameters with the present choice of the cost functiarch
space, namely

(12)

Ni

k;( Pak+ Prx) =1, (13)

since only the relative weights among the various terms @n b
determined. Furthermore, the weights must be non-negative

k=2,...,Ng
Ni.

(14)
(15)

pa,kZOa
Ptk=>0, k=2,...

By constructing the search space, one transforms the prol
lem of identifyingJ* into the problem of finding the parameters
p* that will give the best matching with the experimental data,
i.e. that will minimize the errors given by Equations (6) gyl

The cost function inference problem for dynamics can be
formulated as the following nested optimization problem:

- Ja(ly—y* I+ [lu—u*[]) dt

B (eIl + ) e
s.t.: h(_p)Jg( 0, (16)
min J(y, u: p)
s.t.y— f(y,u) =0,
g(y,u) <0.

The cost functionf, (|ly — Y2 || + |ju— u®||) dt/ o (/IY* || +

||u* ||) dt measures the normalized error between the numerice
solution and the experimental data. The ndfnj| will be a di-
mensionally consistent norm, or simply the 2-norm if theesta
and controls are non-dimensionalized [4]. The error mesbur
by this cost function will be a minimum for the solutigf, u*,

p* of problem (16).

The optimization process is subjected to two constraints
The first one h(p) < 0, imposes possible equality or inequal-
ity conditions on the parametep such as the normalization
and non-negativity of participation factors in the predyudis-
cussed example. The second constraint is an optimal contra
problem, that corresponds to problem (8) for a varying dost t
is a function ofp.

Problem (16) represents the formulation that is here pro
posed for inferring the cost function of a dynamics problem i
biomechanics. Given a functional form for the search spade a
experimental measurements, the solution to this problelin wi
give the value of the parametepgthat yield a state and control
solution that is as close as possible to the measured data.

The solution to this problem converges to the exact solution
In fact, consider the case of a model of infinite fidelity and
assume thal*(y,u) € . Then at the solution the value of the
error [ (|ly—y* ||+ ||lu—u*||) dt will be zero, i.e. the state and
control errors will be null, and furthermore the cost willea
been identified ad(y*, u*; p*) = J*(y*,u*) + Jo, Jo being an un-
determinable (and irrelevant) constant.
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Problem (16) is amested optimal control problemwhich can
be transformed into a nested parameter optimization pnohke
ing the direct transcription method [2, 4]. The basic ide#ois
discretize the governing dynamic equations (1) using some n
merical methods on a suitable grid of the problem domain. The
discretization process transforms the governing ODESs fd£$)
into algebraic equations, whose unknown parameters arathe
ues of the states and of the controls on the grid. Next, the cos
function and the remaining problem equality and inequality-
straints are expressed in terms of the discrete state aritbton
values.

The cost function inference problem for statics can be for-
mulated as the following nested optimization problem:

N (1Y — Y21+ [Ju —u? )
P N (1yE] + Uz )
s.t.:h(p) <O,

min

Ne
mir i;J(smui: P);
s.t.. f(y;,u) =0,
g(y;, ui) <0,

(17)

whereN; represents the number of test cases considered in ex-
perimentz (corresponding, for example, t&. different values

of a joint angle or some other problem parameter). Here again
the cost function inference leads to an optimization pnaotdeb-
jected to two constraints: possible conditions on the umkno
parameters, and an inner optimization problem with vargiosf

J. Hence, even in this case we are lead to the solution of adheste
NLP problem, whose solution will yield the best availablé-es
mate of the cost function within the search space with radpec
the experimental data.

The cost function inference problem can be formulated as a
nested NLP problem both for statics and dynamics, in therlatt
case after direct transcription. A general formulation ta-
braces both cases can be obtained by defining a vector of un-
known discrete parameters, labellrd In the dynamics case,
the unknown parameter vector is composed of the discretee sta
and control values on the computational grid. In the static
case, the same vector is definedxas= (...,y",...,ul,..)T,
i=1,....,N;, and it is composed of the state and control values
for each test case considered in experimensSimilarly, a vec-
tor of experimental observations is constructed and lalete

With this notation, the nested NLP problem can be written as

x|
P [xE|
s.t..h(p) <0,
mxin J(x; p)
s.t.. f(x) =
g(x

(18)

0,
0,

N2

IN

where f(x) = 0 now represents the discrete (respectively, dis-
cretized) equations of static (respectively, dynamic)ldgiium,

and g(x) < 0 are the associated equality and inequality con-
straints.

In this work, the nested NLP problem (18) is solved by first
explicitly deriving the optimality conditions of the inn&LP
problem, and appending these additional conditions to thero
problem as constraints. This results into a standard NLB-pro
lem, that can be solved using Sequential Quadratic Progmagim
(SQP) [3]. More details on this procedure are given in Refer-
ence [4].

NUMERICAL EXAMPLE

We consider the human lower limb problem described in
Reference [9], and illustrated in Figure 1. During the ekper
ments [10], the subjects were instructed to use the rightdeg
exert a force of 63 N in the horizontal plane in twelve difigre
directions, using a visual feedback on magnitude and dinect
The force was measured using a force platform connecteckto tt
foot of the subject with a Nordic ski boot. Using this valuetod
force, the resultant moments at the joints were calculat&Eif-
erence [10] using a free-body diagram of the leg for each pus
direction.

Figure 1. Human leg problem.

Surface EMG activity of the major leg muscles was
recorded, full-wave rectified, low-pass filtered at 6 Hz,raged

Copyright © 2005 by ASME



over 1 sec and expressed as a fraction of the maximum EMG

recorded in maximal isometric contractions at the sameipasi
The physiological cross section area (PCSA) and the muszie m
ment arm nominal values are here derived from Reference [9].

For this problem, we consider a planar 3 DOF model of the
human lower limb. The model has three frictionless revolute
joints (hip, knee and ankle) and nine muscles: Tibialis Aote
(TA, ankle flexor), Soleus (SO, ankle extensor), Gastroéaem
(GA, ankle extensor, knee flexor), Vastii (VA, knee extepsor
Rectus Femoris (RF, knee extensor, hip flexor), Short He8it of
ceps Femoris (BFS, knee flexor), Long Head of Biceps Femoris
(BFL, knee flexor, hip extensor), lliacus (IL, hip flexor) a@Gtl-
teus Maximum (GLM, hip extensor). Muscles are modeled using
the constitutive relation

wheref; is the force in thé-th muscle K represents the maxi-
mum muscle stress, whose nominal value is 40 N/@ndA;, a;
arei-th PCSA and activation, respectively, withk0y; < 1. Since
this problem is a static one, more sophisticated muscletitons
tive relations, describing the muscle force-length-vigyogrop-
erties, are not required.

The optimization unknownsare represented by the muscle
activations

(20)

These are all bounded to remain within physical limits, ke
[0,1],Vi. The experimental value&€ correspond to the measured
and post-processed EMG values. The PCSAs and the vakie of
are also taken as free optimization parameters, in thewailp
indicated agt, and are bounded as follows

A € [0.6A;, 1.4A],
K e [0.5K,2.5K],

(21)
(22)

whereA; indicates the nominal value of the PCSA for musicle
andK is the nominal value of the maximum muscle stress. The
equations of equilibrium for this problem can be written as

f (%; M) = R(T)X— m =0, (23)

wherem are the known values of the moments at the joints, and

R is a matrix that depends on the muscle moment arms and on

parameterst

We consider a cost function search space that includes bo
muscle activations and muscle forces, and reads

) Zipa,kizix +Z pszlf Xi, T0),

wheref; is given by the muscle constitutive equation (19). This
expression of the search space is equipped with the noializ
and non-negativity conditions

(24)

Nk
(Pak+ Prk) = (25)
pa,k > O; k= 2; ) Nka (26)
Prk>0, k=2,...,Ng (27)

The cost function parametepsare defined in this case gs.=
(...,pa’k,...,pf’k,...)T, k=2,...,Nk.

To validate the implementation of the proposed procedures
we first impose a specific cost function and we compute the re
sulting muscle activations. The problem is solved for theimal
values of the modeling parameters,and it is formulated as

Ny 9 ‘ Ny 9 ‘
min Sy pak Y X+ Prky (XM
X kZZ h i; k; i; I
s.t.. R(M)Xx—m=0,

x €01, i=1,..

(28)

.9,

for Ny = 4. In order to uniquely specify a cost function, we arbi-
trarily select

Pa2=1/2, Pa3=0, Pasa=1/2, (29)

and

pik=0, k=24 (30)

The solution to problem (28) is assumed to represent the “ex
perimental” valuex®. Givenx®, we now solve the cost func-
tion identification problem to see whether we identify thies
of the unknown cost function parametgrshat match the ones
givenin (29,30). To make the validation problem closer teal r
identification problem, the initial guesses for the modglpa-
rameterst were set to some random values, different from the
nominal onegt.

The solution in terms of participation weightg x and ps x
is given in Figure 2 at top, which shows that the cost function
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identification algorithm recovers the same values that vaere
bitrarily assumed for solving the direct problem, exacten-
tifying the cost function. The bottom part of Figure 2 gives
the muscle activations for the various push directionsyamng
that the reconstructed values, plotted using solid lingactty
match the given onex?, plotted using dashed lines. The mod-
eling parameterst at convergence of the identification problem
also exactly matched the nominal values used for the dirett-p
lem (28). In other words, the complete solution in terms aftco
function, muscle activations and modeling parametersastix
recovered by the proposed procedure, validating its imphea:
tion.

0.7 T T T T T T

0.6 1

o I o
w IS o
T T T

Partecipation weight

o
)
T

Nk = 7. The top part of Figure 3 gives the computed participation
weightspg k and ps k. Figure 3 at bottom gives the muscle acti-
vations for the various push directions. There is a readenab
match between the experimental (dashed lines) and compute
(solid lines) activations, except for Soleus and GluteuxiMa
mum. The error between the computed and experimental act
vations is measured by the outer cost functi@- x* ||/||x* ||,
whose value at convergence was equal. 806 in this case.
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Figure 2. Top: participation weights Pak and P k for the validation
problem. Bottom: muscle activations @; for the validation problem as func-
tions of the push direction (solid line: computed activations; dashed line:
xE).

Next, we consider the same cost function identification prob
lem with concurrent model tuning, but where the driving esu

Figure 3. Top: participation weights Pa k and Ps k for the cost function
search space of Equation (24). Bottom: muscle activations @; as functions
of the push direction for the cost function search space of Equation (24)
(solid line: computed activations; dashed line: X’E).

To further explore possible forms of the search space, w
consider next the expression

Ny 9
J(X, p) = N K 31
(X p) k;p ,ki;X1 (31)

x% are now the ones measured in the actual experiments of Ref-with its associated normalization and non-negativity ¢toowls

erence [10]. Furthermore, we enlarge the search spacetmgset

6

and where we sdtik = 10. This cost function accounts only for
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the activations, and not for the forces. The outer cost fanct
value at convergence isdb11, and hence slightly larger than in
the previous case. The participation weigptg are shown in

show the predominance of the cubic term, as already notiged &
many authors [1, 5, 8]. However, it is interesting to noticevh
in this case the solution does not follow too closely the expe

Figure 4, top. The muscle activations are shown in Figure 4 at mental EMGs. This fact is confirmed by the value of the externa

bottom.
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Figure 4. Top: participation weights Pgk for the cost function search
space of Equation (31). Bottom: muscle activations @; as functions of the
push direction for the cost function search space of Equation (31) (solid
line: computed activations; dashed line: X%).

We consider now the expression

Nk 9
Jx; p) = fX, 32
(X, p) kZZ pf,ki; (32)

with the usual normalization and non-negativity conditi@nd
where we set agaiNx = 10. Hence, here we consider only the
forces, and not the activations. The participation weightgsare
shown at top in Figure 5, while the muscle activations arewsho
in the bottom part of the same figure. The participation wisigh

7

cost function at convergence, which is equal 81779, and hence
substantially larger than in the previous cases.
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Figure 5. Top: participation weights Ps k for the cost function search
space of Equation (32). Bottom: muscle activations @; as functions of the
push direction for the cost function search space of Equation (32) (solid
line: computed activations; dashed line: Xz).

It appears that the best results are obtained when a comk
nation of activations and forces is used. This might seem-to i
dicate that multiple objective functions could be simuétansly
optimized during this motor task. It is interesting to obhsethat
the dominance of the cubic term in the case of sole musclegorc
(Figure 5) disappears completely when more general cost fun
tions are considered (Figure 3). Cubic force cost functianes
often mentioned in the literature as providing good cotieta
with the experimental data (for review, see [8]); yet thauhes
here presented show that the external cost, which meahees t
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similarity between computed and experimental values, s su
stantially higher for the cubic force cost than in the cas¢hef
combined force-activation cost. While these results ar@acgy
not sufficient to draw final conclusions, this observatioarss
to support the idea that the classical approach of hypatimesi
up-front a cost function might lead to misleading concluasice-
garding the principles governing motor control processesl
certainly deserves further investigation.

The lack of correspondence between the computed and ex-
perimental values for two of the muscles of the model should
also be further investigated, as it might indicate a poss#x-
perimental or modeling problem. It is clear that this mischat
even if confined to two single muscles, could impact the idient
cation of the cost function. Probably some of these issuekico
be solved using experimental measures of higher precitiés.
in fact clear that the whole identification procedure is eniby
the experimental dat&? ; if this data is not of sufficient accu-
racy, even in the presence of a reasonably accurate matlhamat
model of the bio-system, the final outcome of the computation
will be affected.

CONCLUSIONS

In this work we have proposed a methodology for inferring
the cost functions that underlie experimentally observedom
tasks. The approach is based on mathematical models ofttoth t
bio-system and of the possible cost functions that wereupnes
ably used to accomplish a given task. On the basis of exparime
tal data, the cost function that best approximates the ghtens
with the given models is computed.

The method described here can be used for both dynamic
and static problems in biomechanics. We have shown thatin bo
cases the numerical procedure leads to the solution of aaest
parameter optimization problem. To make the problem tkdeta
we have proposed to explicitly express the necessary olitijma
conditions of the inner optimization problem, transformihe
overall cost function identification into a classical NLRplem,
which can then be solved using standard available techsique

We have preliminary tested the new method on a representa-
tive case, that seems to indicate its potential applidstidimore
complex problems. In principle, we think that this methodjhti
provide new insight into the organization of motor contiay,
providing a way to measure otherwise hidden important chara
teristics of the neuro-musculoskeletal system.
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