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Abstract

In inverse dynamics computations, the accuracy of the solution strongly depends on the accuracy of the input data. In particular,
estimated joint moments are highly sensitive to uncertainties in acceleration data. The aim of the present work was to improve
classical inverse dynamics computations by providing an accurate estimation of accelerations. Accelerations are usually calculated
from noise-polluted position data using numerical double differentiation, which amplifies measurement noise. The objective of the
present paper is to use all available imperfect position and force measurements to extract optimum acceleration estimations. A
weighted least-squares optimisation approach is used to provide optimal acceleration distributions most consistent with position and
force data, and which account for the propagation of measurement uncertainties. The task chosen for comparing the solution
methodology with other classical methods is a typical experimental postural movement, consisting in upper limb swings from an
upright stance. The proposed method delivers a set of optimal accelerations well consistent with all available measurements. It also

leads to an accurate prediction of ground reactions and it produces no residual moment at the top-most segment.

© 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The knowledge of internal forces in multi-articulated
human movements is of considerable importance in
many biomechanical and neuro-physiological investiga-
tions. The estimation of inter-segmental forces and joint
moments based on externally measured movements of
body segments is referred to as the ‘inverse dynamics
problem’.

Traditionally, this problem is addressed by solving
iteratively the equations of motion for each body
segments using, for example, the mechanical approaches
of Newton—FEuler or Lagrange (Zajac and Gordon,
1989). This pure inverse dynamics approach (PID)
requires only kinematic measurements, but it may
generate inaccurate joint moment estimations because
the accuracy of the solution strongly depends on the
accuracy of input data (Hatze, 2000). In particular, the
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computed joint moments are exquisitely sensitive to
uncertainties in accelerations data (Cappozzo et al.,
1975; Challis and Kerwin, 1996). One modification of
this scheme, the so-called ‘bottom-up’ method, is a
mixed approach, that also wuses ground reaction
component recordings (Winter, 1990). Measuring ex-
ternal forces and moment acting on the bottom-most
segment reduces the influence of the acceleration
estimates, and joint moment estimations tend to be
more accurate in the bottom part of the body system
(Zajac, 1993). However, the introduction of additional
data leads to an over-determined system and this
method generates additional residual forces and mo-
ment at the top-most segment, where the equilibrium
conditions are no longer satisfied.

Alternatively, one can use an optimisation approach.
Chao and Rim (1973) applied a dynamic optimisation
process to obtain the distributions of joint moments that
best reproduced the measured motion in a forward
simulation. Kuo (1998) solved the inverse dynamics
problem as an over-complete system of equations using
a static optimisation approach to find the set of joint
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moments that agrees best with accelerations data and
force plate measurements. These methods are effective
but their implementation requires an advanced knowl-
edge of multi-body dynamics and involves the modifica-
tion of the traditional solution process for inverse
dynamics.

Considering that the problem of inaccuracy in joint
moment calculations is closely related to the quality of
acceleration estimations (Cappozzo et al., 1975; Challis
and Kerwin, 1996), a simpler alternative is to improve
the classical inverse dynamics computations by provid-
ing an accurate estimation of acceleration values.
Accelerations are usually calculated from noise-polluted
position data by using numerical double differentiation,
which amplifies measurement noise. Low-pass filtering
of raw position data improves the accuracy of the
double differentiation calculations by reducing high-
frequency random measurement noise (Winter, 1990).
Nevertheless, data smoothing cannot eliminate systema-
tic errors introduced, for example, by the inaccurate
positions of body markers (Wood, 1982). The objective
is to use all available imperfect position and force
measurements to compute the best possible acceleration
estimates. The over-determinacy arising from the
introduction of force plate measurements can be used
in a static optimisation scheme (Vaughan et al., 1982;
Kuo, 1998) to optimise acceleration values.

The aim of this study is to improve inverse dynamics
computations by providing better estimations of input
acceleration data. A least-squares optimisation ap-
proach is used in order to provide optimal acceleration
values most consistent with dynamic and kinematic
measurements. Joint moments can then be calculated
from these optimal kinematic values via inverse
dynamics. The relative influence of the inaccuracy of
both force and position measurements on acceleration
estimation is controlled by introducing a weight matrix
into the least-squares formulation. The proposed
methodology is critically assessed by comparing the
results given by different methods for a typical postural
motion consisting of rapid voluntary upper limb swings
performed in an upright position. This task has been
widely studied in the literature (Eng et al., 1992) and
produces a large movement amplitude at the shoulder
joint and small postural adjustments at the hip and
ankle articulations (Kuo and Zajac, 1993).

2. Methods
2.1. Multibody model

The general configuration of the two-dimensional
(2D) system used for solving the inverse dynamic

problem is presented in Fig. 1. The model comprises n +
1 segments labelled from O (feet) to n (top-most
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Fig. 1. Configuration of the 2D-body segment model consisting (n +
1) segments linked by » joints. For each segment i>0: /; and m; are,
respectively, the length and the mass, G; the centre of mass, r; the
distance between G; and joint 7 (ry is the horizontal distance between
Gy and joint 1) and J;, the moment of inertia with respect to the axis
(G;,z). For i=1: 0; is the angular orientation with respect to segment
i-1 (and with respect to the vertical direction for segment i = 1). fy;, fyi
and M_; are the components of the load vector ¢, acting on segment 7
at joint i, they represent, respectively, the horizontal inter-segmental
force, the vertical inter-segmental force, and the net joint torque in O;.

Jx0, fyo and Mo are the components of the ground reaction vector ¢,

acting on the feet at O.

segment), linked by n joints. The feet remain at rest, in
static contact with the force plate.

2.2. Calculation method

The calculation of joint moments is decomposed into
two successive steps: the first one yields a least-squares
estimation of accelerations from kinematic and dynamic
data and in the second step, the inverse dynamics
problem, relating joint moments to angular accelera-
tions, is solved.

2.2.1. Least-squares estimation of accelerations
Two sets of equations are needed to characterize the
over-complete system.
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The first one is a system of three equations describing
the static equilibrium of the feet. It is derived from the
action-reaction principle expressed at O; as

@)+ o = @ (D

with kg = <0, —mog, lofxo — dofyo — romog» T where dj is
the horizontal distance between the origin of the force
plate O and the ankle joint centre O (see Fig. 1).

Considering the multi-articulated system composed of
the n upper segments (1-7), Euler’s equations can relate
the inter-segmental forces (fy; and f;;) and the net joint
moment (M) at the ankle joint to the kinematics of the
system (Andrews, 1995). fi1 and f,; are related to the
rate of change of the horizontal and vertical linear
momenta of the whole system. Similarly, M., equals the
rate of change of the angular momentum of the entire
system. The expression of ¢@; which describes the
kinematics of the whole system at each time ¢ is derived
as

@ = {fernfyr My YT = PO)6 + R(0))°
+ T(0)00 + v(0), )

where 0 = (0, ...,0,>T is the angular position mea-
surement vector at time ¢ (recorded with the sampling
frequency Af,), (3 = <0'.1: ...,0,>T is the angular accel-
g:gation vector, 8 and 60 are velocity vectors such that
0" =<0}, ...,02>T and 00 = (0,0,,0,05,...,0,,10,>",
and vy is a gravitational vector defined by

T
7(0) = <0, > mig,fg(9)> :

i=1,n

where P, R and T are, respectively, the inertial,
centrifugal and Coriolis’ coefficient matrices, and f; is
a gravitational function (see Appendix A).

Combining Eq. (1) with Eq. (2) produces a system of
three equations relating body kinematics and force plate
dynamics at each time #:

PO = @y + ko + (0), €)

where k(8) = —(y(8) + RO + T(0)09).

A second set of m equations relates the angular
acceleration vector 0 to the angular position measure-
ment vector 0:

16 = §(9), 4)

where [ is the n*n identity matrix, and &(0) is
formulated by using a centred finite difference scheme as

Af?
4
The resulting over-determined ((n + 3) * n) linear system
relating the angular acceleration vector to the position

and force measurements is obtained from Egs. (3) and
(4). It reads

Ub=s (5)

6(0) = (91—2At - 20+ 0[+2Al)~

with

U=
(0)

P] B {(% + o +K(e))}
7 and s = .

In general, there exists no exact solution to this system
of equations if the measurements 0 and @ are noise-
polluted. A least-squares estimation may be used in
order to obtain the angular accelerations that best agree
with position and force measurements.

Propagation of measurement uncertainties:

The right-hand side of system (5) is determined with
the experimental values of parameters
Jfx0,/y0, M=o, 01, ..., 0, at different times. The uncertain-
ties of each component of s due to measurement errors
can be quantified by applying the error propagation law
suggested by the ISO guide (1993). In particular,
assuming all measurements x; are uncorrelated, the
variance of each component s; is evaluated by (see
Appendix B)

aS,‘ 2
As; = Z(ka) A7, (6)

k

where Ax; is the standard uncertainty associated with
the measurement x;. Considering the measurement error
E . due to the resolution of the sensor, the associated
uncertainty of x; can be estimated with (ISO guide,
1993)
E,

Axp = —% 7

£=3 Ve (7
In order to balance the different uncertainties of s, a
weight matrix W is introduced in the least-squares
estimation scheme. Considering all experimental para-
meters as independent, W is a positive diagonal (n +
3) * (n+ 3) matrix and the weight coefficients can be
chosen such that (Woltring, 1990)

1
As?

1

Wi = ®)
Multiplying Eq. (5) by W, the optimal angular accel-
eration vector 0 is defined at each time ¢ by

WUB — Ws = Min(WUD — W), )
0

where Min refers to the value of § that realises the
minimisation in_the least-squares sense.

The solution @ of the linear Eq. (9) can be obtained by
the following (n * n) system (Ciarlet, 1994)

UTWUb = UTws. (10)

2.2.2. Equations of motion

The inverse dynamics problem is solved by using the
Lagrangian formalism (Spéegele et al., 1999) and net
joint moments are obtained from optimal acceleration
values.
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2.3. Experimental design

From an initial standing position with the arms in
front of the body, the two hands held at shoulder width,
the subject (height=1.82 m, mass="70kg) was asked to
perform rapid upward and downward symmetrical arm
swings. He was requested not to move his feet and to
maintain full elbow and knee extensions. All movements
were self-initiated and assumed symmetrical.

2.3.1. Instrumentation

Position measurements: Two cameras (sampling fre-
quency of 100Hz) recorded X and Y movements of
retro-reflective markers fixed on anatomical landmarks,
using an opto-electronic measuring device ELITE (BTS,
Milan, Italy). Five markers were placed on the subject’s
left side at the following sites: fifth metatarsal head,
lateral maleolus (ankle joint), great trochanter (hip
joint), acromion (shoulder joint) and wrist. Accuracy
was 1/2500 of the field of view and a resulting average
spatial resolution Ey = 1° for angular position measure-
ments was estimated (Eq. (7)).

Force and moment measurements: Horizontal (ante-
rior-posterior) (fy) and vertical (f,0) ground reaction
forces and moment (AM.,) were obtained from a force
platform AMTI (Advanced Mechanical Technology
Inc. Watertown, USA) with a sampling frequency of
100 Hz. The measurement errors Ej, = I N, E;, =3 N
and Ey; = 3 Nm were estimated from the resolution of
the sensors (Eq. (7)).

2.3.2. Data-processing

Force plate measurements and X and Y displacement
data of each marker were filtered using a fourth-order
Butterworth filter with zero phase lag and a net cut-off
frequency of 9 Hz for forces and moment and 6 Hz for
positions. Anthropometric data necessary for the
calculations were estimated from the height and mass
of the subject (Winter, 1990). Inter-segmental angles
were calculated at ankle, hip and shoulder joints
according to the convention in Fig. 1. Angular velocities
were calculated at each time ¢ from filtered angular
positions using a centred finite difference scheme

%(me —0:-a0).

Inverse dynamics calculations were conducted with a
four-link model (n = 3), the three joints mainly involved
in this task being the ankle, hip and shoulder articula-
tions (knee joints were motionless during the task).

é:

2.4. Data analysis

Accelerations obtained from our method were com-
pared to those from classical numerical differentiation.
We compared the ground reaction signals calculated

either from numerical differentiations or from optimal
accelerations to the experimental data. Deviations
between two signals are quantified by using the square
root of the time-averaged squared error, normalized
with respect to mean peak-to-peak amplitude:

‘relative RMS error’
VT [ 100 — 520 d

1/2( S (Masy< <1 (s50) — Ming—,r(0))
x 100%. (10)

Comparisons between joint moment solutions obtained
from ‘PID’, ‘bottom-up’ and our method are based on
absolute RMS errors.

In what follows, estimations obtained by our method
are referred to as ‘optimal’ solutions.

3. Results

The patterns of the ankle, hip and shoulder angular
acceleration calculated by numerical double-differentia-
tion of position data (Eq. (4)) and those given by the
proposed method (Eq. (10)) are presented in Fig. 2. The
upward and downward arm swings are well identified in
the skew-symmetric curves of the shoulder angular
accelerations. Skew-symmetric movements are also
observed about the two other joints, but with smaller
amplitudes. Relative RMS errors associated with posi-
tion double-differentiation and optimal acceleration
calculations at the ankle, hip and shoulder joints are,
respectively, 12.2%, 13.0% and 6.2%.

The numerically differentiated and optimal joint
angular accelerations are introduced in Eq. (3) in order
to obtain the estimations of the ground reaction vector
components (@g). The results are compared to each
other and to the actual force plate measurements
(Fig. 3). The Relative RMS errors between the two
calculated solutions for horizontal (fy() and vertical (f})
ground reaction forces and moment (M) are, respec-
tively, 21.6%, 4.7% and 10.1%. The deviations between
the actual plate force measurements and the estimations
of fr, fy0 and M, are, respectively, 38.8%, 4.5% and
9.2% (numerically differentiated accelerations), and
1.5%, 0.05% and 0.1% (optimal accelerations).

Finally, net joint moments were estimated by three
different techniques: the classical ‘PID’ and ‘bottom-up’
methods using numerically differentiated accelerations
and our new procedure. The corresponding joint
moments patterns and the residual moment induced by
the ‘bottom-up’ approach are presented in Fig. 4. The
Absolute RMS values between optimal solutions and
others calculations at ankle, hip and shoulder joints are,
respectively, 34.0, 19.9 and 12.9 Nm (PID method), and
0.04, 2.6 and 14.0 Nm (bottom-up method).
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Fig. 2. Accelerations calculated by numerical differentiation of posi-
tion measurements (diff) and optimal method (opt) at each joint: ankle
(a), hip (b) and shoulder (c).

4. Discussion

The mean deviation between optimal acceleration
solutions (see Fig. 2) and numerical double-differentia-
tion position measurements is approximately 10%. Even
though the two different solutions follow similar
patterns at each joint, optimal signals present smoother
profiles with high-frequency component with lower
amplitude, in the stable periods of the task. In
particular, the smaller relative deviation (6.2%) ob-
served at the shoulder joint can be explained by the large
arm movement amplitude resulting in minimal relative
position measurement errors. For the two other joints,
characterized by smaller displacements (postural adjust-
ments) close to the camera resolution, relative errors are
more important (12.2% for the ankle joint and 13.0%
for the hip joint). Indeed, it can be observed that for the
ankle joint angular acceleration, the optimal solution
predicts a skew-symmetric acceleration pattern, which
does not emerge in the numerically differentiated data.
Deviations in the estimations of acceleration can lead to
large differences in calculated ground reactions (see
Fig. 3). Considering calculated and measured signals,
solutions from the proposed method provide the best
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Fig. 3. Ground reactions. Horizontal and vertical forces (fyo and f,0)
and moment (M) estimated using double-differentiated position
measurements (diff) or optimal accelerations (opt), along with force
plate measurements (pff).

estimations of ground reaction components with a mean
relative RMS of 0.5% compared to an average relative
RMS deviation of 12% for the solutions obtained with
numerically differentiated accelerations.

Optimal net joint moment estimations are obtained by
solving the inverse dynamics problem using optimal
accelerations. Large deviations can be observed between
the joint moments calculated with the proposed method
and those given by the ‘PID’ technique, with a mean
absolute RMS of 22.6Nm for all joints. These
discrepancies are due to the great sensitivity of the
‘PID’ moment estimations to inaccuracies in numeri-
cally determined accelerations. Deviations between
optimal joint moment solutions and ‘bottom-up’ calcu-
lations are smaller, with a mean absolute value of
5.6 Nm. They typically increase from the lower to the
upper end. The optimal ankle moment is very close to
the ‘bottom-up’ estimation (0.04 Nm) which is deter-
mined from force plate measurements regardless of
accelerations (Eq. (1)). The absolute RMS error in-
creases to 14 Nm at the top-most joint. The average
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Fig. 4. Net joint moment calculations with classical methods using double-differentiated position measurements: pure inverse dynamics (PID) and
bottom-up method (bot), and alternative method (opt) at each joints: ankle (a), hip (b) and shoulder (c). (The residual moment obtained with the

bottom-up method at shoulder joint is represented in (d).)

residual moment induced by the ‘bottom-up’ approach
reaches a maximum value of 58 Nm (see Fig. 4d).

In conclusion, our method yields a set of optimal
accelerations consistent with all available measurements.
It accurately predicts ground reactions and produces no
residual moment at the top-most segment. Optimal joint
moment estimations can largely differ from classical
calculations. Furthermore, the formulation is based on
the over-determinacy of the system relating accelera-
tions to measurements and performs even if some of the
force measurements are missing. Finally, existing soft-
ware packages based on the traditional inverse dynamics
solution process can be readily improved by including
the proposed least-squares optimisation as a separate
subroutine.

Appendix A

For a four-body-segment model (Fig. 1), ankle joint
reaction vector @, = {fx1,/y1, Mz ST can be related to
kinematic properties of upper segments (i=1-3)
(Eq. (2)). The elements of P, R and T are designated
by lower case p, r and ¢, respectively, and require the
preliminary definition of the following coefficients:

ay = (myry + (my + m3)h),
ay = (mary +msb),

az = (m3r3),

by = (malira + m3hhbb),
and b2 = (Wl3lll"3),

by = (m3hrr3),

i = —(ai cos 0y + as cos (01 + 02) + a3 cos (61 + 6> + 03)),
p12 = —(azcos (01 + 02) + a3 cos (01 + 0> + 03)),
p13 = —az cos (01 + 0> + 0),
P21 = —(a;sin 0) + ap sin (0; + 0,) + a3 sin (0; + 0, + 03)),
P2 = —(azsin (0 + 02) + a3 sin (01 + 0, + 03)),
P23 = —azsin (0 + 0> + 05),
P31 = [y + rimy) + (2 + r3m) + (J3 + r3ms),
+ (1 (my + m3) + my),
+ 2[b; cos 05 + by cos (0, + 03) + b3 cos 03],
P32 = [(J2 + 13ma) + (J3 + r3m3) + (Gm3)],
+ [b1 cos 0, + by cos (0, + 03) + 2b cos 053],
P =[5+ r§m3)] + [+b; cos (0 + 03) + b cos 03],

= —pa, i = —2pxm,
ri2 = —pa, tiy = —2pas,
ri; = —po, ti3 = —2pos,
21 = P11, 1 = 2p1a,
rn = pi, and 1y = 2p3,
23 = P13, trs = 2pi3,
r31 =0, t31 = 2r3,
r3p = —[by sin 0, + by sin (0, + 03)], t3 = 2133,
133 = —[ba sin (0 + 03) + b3 sin 03], t33 = 2r3;.



V. Cahouét et al. | Journal of Biomechanics 35 (2002) 1507-1513 1513

Gravitational function f is expressed by

J4(0) = — g[m(ry sin 01) + my(/; sin 0; + r; sin (01 + 0,))
+ mj3(/; sin ) + L sin (0 + 62)
+ r3sin (0 + 0, + 03))]

Appendix B
According to the propagation law (Eq. (6)), variance

components of s can be expressed as functions of
standard measurement uncertainties Afy, Af,,, AM. and

A0
As — 0s, 2 AP+ Z (6s12 . os; 2 s )A92
1 af 2:\&0, "0 a "

2 2

afo agitht 601;+A;
aS3 aS3 653 2
As; = Do A AM?
5o Y o O e, A

aS3 Os3 2 Os3 > 5
+ + AO?,
Z < anAt @91x+m

I

6sk 6Sk 2 ask 2
As; = (— + + AG?.
k:4,(3]:»n) ZZ aei agitszt aeit+2At

For a four-body-segment model (Fig. 1), AS%[:],G are
defined, respectively, by

As? = Af? + Z o3 + 2Afe° Z B AG?,
i=1,3 =13
Ay = A7+ | D ah + 208> B | AG,

i=13 i=1,3

As; = [GAf] + dgAf] + AM:

fg) 2 2 2
+ o3 + +2Afe ;| A7,
> ( )+ 3

4
Asp = <3Afe )A(ﬂ,
k=4,6 8

where a; and B, are vectors given by
o = ARkéz + ATkéé and l}k = Uké

with

orj ot
ARy = —’f} AT, { ’f}
k:l,lg [agk k:1,l§ 00

and
"kt /2 122
U= |12 /2 u3/2|,
"o /2 1x3/2

where r; and ¢; are components of, respectively,
centrifugal and Coriolis’ matrices defined in Appendix A.
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