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Abstract. The objective of this paper is to check the efficiency and validity of two approaches
for computing derivatives of complex functions, automatic differentiation using ADOL-C and sym-
bolic differentiation using MACSYMA. This has been done in three benchmark examples, where
the gradient of a Helmholtz energy function has been computed for different dimensions of inde-
pendent variables (Example 1) and Jacobian matrices of inverse kinematics of planar and spatial
parallel robots (Examples 2 and 3) have been computed. The results have been evaluated under six
criteria: preliminary implementation work, computation time, flexibility in applications, limits of
applicability, accuracy, and memory requirements.

ADOL-C was superior to MACSYMA concerning preliminary work (programming, source
code generation, and compilation) and modifications of the functions to be differentiated and the
differentiation task to be performed. In addition, contrary to MACSYMA, no limits of applicability
were observed for ADOL-C, even in the simulation of complex multi-body systems.

On the other hand, for ADOL-C the computation time of derivatives was 10 to 40 times higher
than for MACSYMA. As a consequence, differentiation by MACSYMA is better suited for real-
time applications like hardware in the loop simulation, real-time control and real-time data processing
than ADOL-C.

Both programs provide numerical results of equal accuracy.

Key words: automatic differentiation, kinematics of parallel robots, rigid-body systems, benchmark
examples.

1. Introduction

In various tasks from the areas of computer simulation, control, measurement and
experimental identification of spatial rigid-body systems and mechanisms, partial
derivatives of lengthy and complex nonlinear symbolic expressions as, for example,

— Jacobian matrices of kinematic relations,

* This work has been supported by the German Science Foundation (DFG) under contract No.
Ha 1666/6-1.
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— Lie derivatives and Lie brackets used in feedback linearization algorithms,
and

— Jacobian matrices occurring in parameter identification and sensitivity ana-
lysis

must be computed. The computational work to differentiate those rather complex
expressions may be very cumbersome, time consuming, and sensitive with respect
to numerical errors. It may even provide simulation models and control as well as
measurement algorithms that can not be implemented in real-time.

Different approaches exist to perform and approximate derivatives of functions:

— symbolic differentiation using Computer Algebra Systems (CAS),
— numerical differentiation by means of divided differences,
— processing of functions through high frequency filter algorithms, etc.

In realistic theoretical models of spatial motions of rigid-body systems, extreme
lengthy expressions may occur that cannot be computed even by efficient computer
algebra systems. The accuracy of divided differences used in numerical differen-
tiation may be hard to assess, and numerical errors tend to grow with problem
complexity. Differentiation by means of high frequency filtering only provides time
derivatives of functions.

A new approach to solve this task is called Automatic Differentiation (AD). Its
theoretical basis was developed in the late 70s [31, 35, 44]. Several program pack-
ages for AD have been developed, a.0o. ADIFOR [1], ADIC [3] and ADOL-C [12,
13] (http://www.mcs.anl.gov/autodiff/adtools/AD_Tools/index.html
contains a comprehensive list of AD-tools). These differentiation programs have
been applied to various scientific and engineering tasks such as, e.g., nonlinear
optimization [10, 26, 43], weather forecast [32, 42], astrodynamics [27], and
control [5, 36].

The purpose of this paper is to compare the efficiency and applicability of two
differentiation approaches

— ADOL-C for Automatic Differentiation (AD) and
— MACSYMA for symbolic differentiation (CAS)

by means of three benchmark examples. After a brief review of automatic dif-
ferentiation in Section 2, the results will be judged by means of six evaluation
criteria introduced in Section 3. The two differentiation methods MACSYMA and
ADOL-C will be applied to the following examples in Section 4:

— computation of the gradient of a Helmholtz energy function for different
numbers of independent variables (Example 1, Section 4.1) and
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— computation of Jacobian matrices of inverse kinematics of a planar parallel
robot (Example 2, Section 4.2) and of a spatial parallel robot (Example 3,
Section 4.2)

The results obtained by computing derivatives of functions of these examples with
ADOL-C and MACSYMA provide strong hints about where to apply automatic
differentiation and where to apply symbolic differentiation.

2. Brief Review of Automatic Differentiation

Automatic differentiation is based on the fact that on a computer, every (complex)
function F : x € R" — y = F(x) € R", with x and y as vectors of independent
and dependent variables, will be computed by elementary arithmetic operations
(addition, multiplication, sin, etc.). With repeated application of the chain rule
of derivative calculus to compositions of those elementary operations, numerical
values of derivatives can be computed up to machine precision. The functions to be
differentiated may include branches, loops, and subroutines, as well as intermediate
variables.

For propagation of derivatives using chain rule, there exist two different tech-
niques, called forward and reverse mode. Forward mode is efficient for a few
independent variables and needs less memory, reverse mode is efficient for a
few dependent variables but needs more memory. Various methods are avail-
able to implement automatic differentiation in a computer program [25]. Two
such commonly used methods are source code transformation and overloading
of arithmetic operators. In source code transformation, compiler techniques are
used to transform the program source code into a new source code that com-
putes the desired derivatives, whereas in operator overloading, the basic arithmetic
operators of a programming language are overloaded and the desired derivatives
are computed by tracing the computation of the expressions to be differentiated.
ADOL-C [13] is a member of the latter class and has been chosen because it
is capable of computing derviatives of an order higher than two (used in model-
based control of mechatronic systems), only needs minor manual changes of the
expressions to be differentiated, and requires less memory compared to members of
source code transformation, like, e.g., ADIFOR. It performs the task of automatic
differentiation by

— using C/C++ code and introducing a new data type for dependent and
independent variables with operator overloading,

— allowing differentiation of arbitrary nested and recursive functions,
— calling supporting routines for calculating desired derivatives of any order,

— using univariate Taylor expansions, truncated after highest derivative degree
d (specified by the user),
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— recording the execution trace of the original evaluation program in a so-called
tape (in memory and/or disk), and

— propagating the truncated Taylor series for each operation on the tape in for-
ward mode and the corresponding adjoint operations on adjoint variables in
reverse mode.

3. Evaluation Criteria of MACSYMA and ADOL-C

Computer Algebra Systems (CAS) are common tools for computing derivatives
of functions in mathematical modeling of rigid-body systems [14, 38—41] and in
nonlinear control of those systems [19, 20, 37]. Practical applications to complex
industrial processes show limits of applicability of CAS (concerning source code
generation and memory requirements). There are several benchmark tests that
compare automatic differentiation with standard differentiation methods. In an in-
vestigation of [11], the authors come to the conclusion that ADOL-C is superior*
to CAS MACSYMA with respect to implementation work and computation time.
In comparison checks of ADIFOR with divided differences in [1, 2] and of TAMC
with hand-coded derivatives in [9] the authors come to the conclusion that AD
tools are at least equivalent to standard differentiation methods with respect to
computation time and numerical accuracy. The results obtained in [1, 2, 9] differ
from the results presented in [4] and also from the results obtained by the authors
of this paper in recent computations of derivatives of functions used in computer
simulations, experimental identification, and nonlinear control of parallel robots
[19, 20, 22]. Some of these results obtained by applying a representative of auto-
matic differentiation (ADOL-C) and a representative of CAS (MACSYMA) to
three benchmark examples will be presented in Section 4. The results obtained will
be judged by the following evaluation criteria:

1. Amount of preliminary implementation work

The amount of preliminary implementation work is defined as the time re-
quired to obtain executable programs for computing derivatives of functions. This
preliminary implementation work includes three steps:

Step 1: amount of time to program the function to be differentiated (7o),

Step 2: amount of time to generate source code for computing derivatives (fsource)s
and

Step 3: amount of time to compile and link the source code (Zcomp)-

* Using a PC under MS-DOS with insufficient memory.
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II. Computation time

Computation time is defined as the time required to provide numerical values of
derivatives of functions to be differentiated (#.,,). This criterion is important with
respect to real-time implementation of computer simulation programs, of control
algorithms and signal processing algorithms.

1. Flexibility in the applications

Flexibility in the applications is defined as measure of the amount of work, needed
to obtain executable programs for computing derivatives when modifications of
the functions to be differentiated or modifications of the differentiation task are
required.

IV. Limits of applicability

Limits of applicability of differentiation methods may depend on the complexity
of the functions to be differentiated, on the amount of virtual memory needed, and
on the capability of the compilers to handle large numbers of instructions needed
in the differentiation task.

V. Accuracy of the results

Computational accuracy is defined as difference between numerical values of
derivatives obtained by applying MACSYMA and ADOL-C.

VI. Memory requirements

The memory requirements are measured both in terms of the amount of dynamic
memory needed for storing variables and in terms of the size of source code needed
to compute the desired derivatives (both measured in KB).

4. Examples

Three examples will be discussed in this section. The first one (Section 4.1) is a
formal benchmark example. The next two examples in Section 4.2 are practical
applications from the area of rigid-body systems (parallel robots).

ADOL-C functions gradient and Jacobian will be used in computations of
derivatives by means of automatic differentiation.

Computation of derivatives by symbolic differentiation will be performed using
a source code generated by MACSYMA. In the case of complex functions the
MACSYMA command diff yields extreme large source code. By applying the
MACSYMA command optimize on generated symbolic derivatives, all terms
will be simplified, and substitution variables will be introduced which avoid re-
computation of common subexpressions. This provides a much shorter source code
with a shorter compilation time and a faster computation time. In this paper, the
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Table 1. Steps performed in the benchmark examples.

CAS: MACSYMA AD: ADOL-C
M1: Programming of a MACSYMA Al: Programming of functions to be dif-
command file including functions to ferentiated as C++ module.
be differentiated. A2: Inclusion of the ADOL-C subroutine
M2: Source code generation of derivative into the main program.
CXPresSIOnS. A2.1: choice of dependent and in-
M2.1: choice of dependent and in- dependent variables.
dependent variables. A2.2: marking of functions to be
M2.2: computation of nonsubstitu- differentiated.
ted symbolic derivatives of A2.3:inclusion of C++ modules
functions. into main program.
M2.3: computation of substituted A2.4: choice of differentiation
symbolic derivatives of func- tasks.
tions o .
’ A3: Compilation of main program.
M2.4: storage of generated source code priatt 1 prog
in FORTRAN. A3.1: choice of a computer
M2.5: conversion of FORTRAN system.
source code into C source A3.2: choice of compiler settings.
code. A4: Execution of the benchmark
M3: Inclusion of source code of derivative program.

expressions into the main program.
M4: Compilation of the main program.

M4.1: choice of a computer
system.
M4.2: choice of compiler settings.

MS5: Execution of the benchmark
program.

output of the command diff will be called a nonsubstituted source code, and the
output of the command optimized will be called a substituted source code.

The computation time of executable programs depends, a.o., on the compiler
settings used. In all three benchmark examples, only standard compiler optimiz-
ations were used, although this may sometimes lead to compilation problems (cf.
Table III, remarks 1, 2). The programs for computing derivatives of Examples 1, 2,
and 3 were generated and executed by performing the steps of Table L.

4.1. BENCHMARK EXAMPLE 1 (HELMHOLTZ ENERGY FUNCTION)

In a first step, the two methods, symbolic differentiation with MACSYMA and
automatic differentiation with ADOL-C, were applied to the following example
[11]. The gradient of a function (Helmholtz energy function)
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has been computed for different numbers of independent variables x; (n =
1,2,5, 10,20, 50).

This benchmark example has been computed according to the steps of Table I
with the following details: Step M2: the source code of symbolic derivatives has
been generated on a LINUX system (compare Table II). Steps M2.2, M2.3: both,
nonsubstituted and substituted symbolic expressions were used (compare Table II).
Steps M4, A3: the benchmark program has been completely written in C++. Steps
M4.1, A3.1: it has been executed on three typical computer systems (compare
Table IV). Step M4.2, A3.2: the standard optimizations settings of each compiler
have been used to compile and link the benchmark program (compare Table IV).
Steps M5, A4: due to the fact that, in a simulation program, a large number of
derivatives is computed in each simulation run (e.g., in Example 3, more than
one million), the time needed for computing 10° derivatives has been measured
(compare Table V and Figure 1).

The results obtained in this example will be now evaluated according to the
evaluation criteria of Section 3.

1. Amount of preliminary implementation work

To Step 1: (programming time)

ADOL-C: Programming of the function f(x) took some minutes (0, < 5 min).
MACSYMA: Symbolic differentiation has been done with MACSYMA 5.2 on a
LINUX system (Table IV). Programming of the command file took some minutes
(tprog < 5 min).

To Step 2: (time for source code generation)

ADOL-C: No source code of derivative expressions had to be generated (;ource =
0 min).

MACSYMA: The amount of time for source code generation was tsource = taifr +
thorm 1N the nonsubstituted case, and #ource = Laitr+Zsup 10 the substituted case, where
taitt, tnorm and fgyp are collected for different dimensions # of x in Table II. For large
n (n = 50), this took the LINUX system #,oyce = 40.3 min in the nonsubstituted
case, and f,ouce = 120.8 min in the substituted case.

To Step 3: (compilation time)

ADOL-C: The compilation time of the program (1.01 s < feomp < 3.21 s) was
negligible compared to the compilation time of MACSYMA source code and
independent of the dimension n (compare Table III, lines ‘adolc’).
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Table 11. Source code generation using MACSYMA.

n 1 2 5 10 20 50

taige [sec] 01 02 022 107 702 175.65

ton [sec]  0.73  0.24 2.04 7.34 5220  2241.97
size [byte] 740 2385 15561 83414 558544 7692844
lines [-] 11 31 196 1041 6871 92951

tsub [sec] 0.64 0.46 3.01 1622 13450 7070.31
size [byte] 650 1082 3351 10622 39372 242769

lines [-] 20 27 66 200 710 4318
ns [-] 15 19 37 107 397 2467
n number of independent variables x;

tdiff time to compute differentiations df (x)/0x;

thon time to create nonsubstituted MACSYMA source code

fsub time to create substituted MACSYMA source code

size size of source code in bytes

lines number of source code lines

ng number of used substitution variables

MACSYMA: The compilation time of this example has grown tremendously with
increasing dimension n (compare Table III). It was much higher in the nonsub-
stituted case for the SGI system (fcomp = 8.7 min) than in the substituted case
(fcomp = 50 sec for as, e.g., n = 20).

In summary, the results with respect to criterion 1 were that the amount of
work to program the function f(x) to be differentiated was identical for ADOL-C
and MACSYMA; the amount of time for source code generation of derivatives
was much higher for MACSYMA than for ADOL-C; and the compilation time
for MACSYMA was much higher than the compilation time for ADOL-C. For
MACSYMA it grew with increasing n (ratios of 1000:1 have been observed for
different n). For ADOL-C it was independent of 7.

II. Computation time

ADOL-C: Computation of derivatives using ADOL-C was much slower than us-
ing MACSYMA (compare Figure 1).

MACSYMA: The computation time of source code generated by MACSYMA
was 10 to 66 times faster compared to ADOL-C.
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Table 11I. Compilation time in seconds.

system method n= 1 2 5 10 20 50
non 096 128 454 33.68 ! !
LINUX sub 097 1.02 147 4.01 25.25 628.34
adolc .11 1.08 1.05 1.01 1.03 1.02
non 134 1.19 232 1497 490.95 !
IBM sub 128 134 146 2.56 2493  833.65
adolc 134 141 142 1.47 1.33 1.42
non 260 3.14 7.63 4293 522.16 2
SGI sub 268 289 422 1154 50.01 94.36
adolc 3.17 3.17 3.8 3.21 3.20 3.19
system computer system used (compare Table IV)
method differentiation method
non symbolic differentiation using nonsubstituted MACSYMA source
sub symbolic differentiation using substituted MACSYMA source
adolc  automatic differentiation using ADOL-C
1 compiler error: out of virtual memory
2 compiler error: too much operations per statement
Table 1V. Computer systems used.
system LINUX IBM RS6000/590  SGI SC900/4
CPU AMD K6-2 300MHZ 8 PowerPC J50 4 MIPS 8000 SSR
RAM 96 MB 2GB 1 GB
(ON) Linux Debian 2.1 AIX 2.4 IRIX 6.5
compiler egcs-2.91.60 xlC 3.1 CC7.2.1.3m
optimization -0O2 -02 02 -IPA -LNO

III. Flexibility in the applications

339

ADOL-C: For each variation of f(x) only parts of the preliminary implementation
work must be repeated: reprogramming of f (x) and recompilation of this program.
MACSYMA: For each variation of f(x) the whole preliminary implementation
work must be repeated: command file reprogramming, source code generation of
derivatives and compilation of the program, where source code generation turned
out to be very time consuming.
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Table V. Time in seconds for computing 106 derivatives.

A. DURRBAUM ET AL.

system method n= 1 2 5 10 20 50
non 91 90 108 182 ! !
LINUX sub 6.7 4.0 2.8 2.9 4.0 16.2
adolc 2242 1249 80.3 84.4 1233 268.8
non 109 109 108 172 552 !
IBM sub 6.8 35 2.2 1.8 2.8 2192
adolc 1954 1247 101.1 123.0 187.1 4505
non 361 280 236 292 596 2
SGI sub 29.1 159 7.5 6.1 7.1 21.5
adolc 4474 2748 2142 2625 4188 9259
system computer system used (compare Table IV)
method differentiation method
non symbolic differentiation using nonsubstituted MACSYMA source
sub symbolic differentiation using substituted MACSYMA source
adolc  automatic differentiation using ADOL-C
1 compiler error: out of virtual memory
2 compiler error: too much operations per statement
. ! ! T T 3
A T SRR o
qz,ﬁ,* O e B
10% |-
o
2,
L
g
10! :
10° i i i i i
2 4 50
0 10 n: %umber of vgx(')iables z; 0
Li SGI —A-—
Linux substituted - <> IBM s I%st‘.ltut: (1 SGI syl é?&il?ea -
Linux adolc - < - M adolc - -G I adolc -

Figure 1. Time for computing 10 derivatives.
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As a consequence, program modifications were much less expensive for
ADOL-C than for MACSYMA (for instance, in the case of n = 20 about 3 min
for MACSYMA and only 7 sec for ADOL-C).

IV. Limits of applicability

ADOL-C: In this example no limits of applicability have been observed even for
large dimensions (n = 200).
MACSYMA: Large dimensions (n > 50) could not be handled due to compiler
limitations or shortage of virtual and real memory (compare Table V, remarks 1,
2).

This implies that the limits of applicability have not been observed by applying
ADOL-C. However, computations were limited to n < 50 for MACSYMA.

V. Accuracy of the results

In this benchmark example, the numerical results obtained by MACSYMA and
ADOL-C were identical.

VI. Memory requirements

ADOL-C: Only the Helmholtz function to be differentiated had to be pro-
grammed. This took 25 lines of C source code and requires n> + 3 * n double
variables (about 20 KB of dynamic memory).

MACSYMA: When using nonsubstituted symbolic expressions to compute the
gradient for n = 50 variables, up to 92951 lines of soure code were required. The
dynamic memory requirements were the same as for ADOL-C.

In the substituted case only 4318 lines of source code were required, but the
dynamic memory requirements grew up to n> + 3 % n + n, double variables (about
41 KB), due to the 2467 substitution variables needed (compare Table II).

Computing derivatives using ADOL-C require less source code and memory
with respect to MACSYMA. Using substituted symbolic expressions reduces the
source code size compared to the nonsubstituted expressions at the cost of a slightly
higher amount of dynamic memory.

The results obtained in Example 1 are summarized in Table VI.

4.2. EXAMPLES 2 AND 3 OF RIGID-BODY SYSTEMS

In this section, automatic differentiation is applied to two examples of rigid-body
systems from industrial practice, including a planar parallel robot (Example 2,
Figure 2), and a spatial parallel robot (Example 3, Figure 3). In computer simu-
lations and in transformations of measured variables of those systems, derivatives
of kinematic relations will be computed using two approaches:
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Table VI. Results of Example 1.

Evaluation criterion MACSYMA ADOL-C

nonsubstituted  substituted

I. amount of
preliminary work

1.1 programming time nearly the same
1.2 source code long long -
generation time
1.3 compilation time long long short
II. computation time short (1:10 to 66) long
III. flexibility in not flexible flexible
application
IV. limits of limited to dimensions n < 50 no limitations
applicability observed  for
n <200
V. accuracy of results identical numerical results
VI. amount of memory large small very small
(code lines) (92951) (4318) (25)

— Symbolic differentiation by means of the computer algebra system MAC-
SYMA and

— Automatic differentiation by means of an ADOL-C library.

The results of these computations will be compared according to the evaluation
criteria of Section 3.

4.2.1. Kinematics of Planar and Spatial Parallel Robots

Kinematics of parallel robots will be considered from two aspects:

— Direct kinematics: finding absolute coordinates of the end-effector for given
joint coordinates, and

— The inverse kinematics: finding joint coordinates for given absolute coordin-
ates of the end-effector.

The solution of inverse kinematics of parallel robots is usually straightforward and
can be obtained analytically [8, 20, 33, 45]. On the other hand, the solution of direct
kinematics of parallel robots can only be obtained numerically [24, 30, 34].
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Automatic Differentiation

test table

Q1 (end-effector)

test table fixed
rotational joint

servopneumatic
actuator

inertial frame
fixed rotational

Fy; : actuator forces (1 =1,2,3)

R : inertial frame with origin 0

L :body fixed frame with origin P

L,; : inertial joint fixed frames with
origins Q; (i = 1,2,3)

(a) Vector diagram

(b) Photograph

Figure 2. Vector diagram and photograph of the planar multi-axis test facility built in the
Laboratory of Control and System Dynamics.

The parallel robots considered in this paper are multi-axis test facilities for
vibration tests. They include a rigid test table (rigid end-effector) attached to the
base by three (planar case) or by six (spatial case) servopneumatic actuators with
position and orientation vector p, of the end-effector

pe == [xPo. 250 9]T € R® (planar case),

T .
Pe = [Xpos Vios Zpos @5 0. V] € R® (spatial case), ()
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and distance z;, of base point Q; to an attachment point P;, represented in actu-
ator housing fixed frames L,; (cf. Figures 2 and 3). In this section, the Jacobian
matrices of inverse kinematics of the above parallel robots will be computed using

symbolic and automatic differentiation. These Jacobian matrices are included

— in computations of transformation matrices that map actuator forces Fy, rep-
resented in joint space, into forces F, and torques M., represented in task
space (end-effector absolute coordinates), used in computer simulations (cf.

Figure 4a), and

— in iterative numerical computations of direct kinematics, used in transform-
ations of measurements signals [23] and in control algorithms [19, 20], (cf.

Figure 4b).

Inverse kinematic relations of multi-axis test facilities (cf. Figures 2 and 3) have

been modeled by the following expressions [17, 21, 28, 29]:

Zky
k = =1 (pe)
L Zk”
i ttl (pE) .
= : eR" with n= { 3 n plan.ar case, 3)
: 6 in spatial case,
| 1, (pe)
with
t, = —((xf.fo + cos -x,LaiP + sin6 - zﬁ,P - xgio)2
. 1/2
+ (zﬁo —sinf -x,LJiP 4+ cos 6 - zﬁip - zgio)z) / 4)
(planar case,i =1, 2, 3) and
t, = —((xf.fo +cos 6 - cos Y -lejl_P —cosf -siny - y,L;iP +sin6 - zﬁ,P - xgio)2

+ (yf.fo + (cos¢ - sinyr + sin ¢ - siné - cos Yr) -xﬁip — yS,-o

—singo-cos@-zf;ip + (cos ¢ - cos ¥ —singo-sin@-sinlﬁ)-yﬁip)2

—|—(z’,§0+(singo-sinw—cos<p~sin9-cosw)-x,LJiP +cos<p~cos9-zf,ip

- Zgio + (sing - cos ¥ + cos ¢ - sin6 - sinyr) - y1L>,-P)2

(spatial case,i = 1,...,6).

)1/2

(&)

The inverse kinematic relations (4) and (5) include components of the vectors

L . L L qT 3
rpp = [Xpp.0,2pp]" € R” (planar case),

L . L L L AT 3 :
rpp = [Xpp. Ypps2ppl’ € R’ (spatial case),

(6)
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test table
(end-effector)

test table fixed
spherical joint

: actuator forces (i =1,..,6)
R :inertial frame with origin 0
L : body fixed frame with origin P
L,; :inertial joint fixed frames with origins @; (¢ = 1,..,6)

servopmeumatic
actuator

inertial frame fixed
universal joint

(a) Vector diagram

(b) Photograph

Figure 3. Vector diagram and photograph of the spatial multi-axis test facility built in the
Laboratory of Control and System Dynamics.

from reference point P to an attachment point P;, represented in body fixed frame
L, and components of the vectors

reo = [x50.0.26 1" € R* (planar case),
’”g,»o = [xgio, ySiO, zziO]T e R (spatial case), @)

from origin 0 of frame R to a base point Q;, represented in inertial frame R.
The transformation matrices of actuator forces Fj from joint space into task space
(R,L)
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(a) Block diagram of a computer simulation model of a robot including inverse kinematic

relations
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ot i Pere .
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1 I ]
w decouplin, ! i et
] deoplng ] 1 | vepomaton | g, | lineia ||
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nv
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X computed variables e, ., D direct '
! kinematics |
| measurement signal processing ;

(b) Parallel robot control using a decoupling and compensation controller with nonlinear
measurement variable processing based on direct kinematics

Figure 4. Block diagrams of mathematical models of systems that include inverse and direct
kinematic relations.

|: Fk ] JI(pe) - Fr € R?  (planar case), ®
M| | Up(pe) - Te(p)]” - Fi € R® (spatial case),
include the Jacobian matrix of inverse kinematics
ot (p, i 3 inpl ,
Jy(pe) = 2P g iy — | 3 0 planar case ©)
pe 6 in spatial case.
In the spatial case T,(p,) is the matrix of the kinematic differential equation
I 033
cos ¥ —siny 0
]'7e — cos @ cos 6 v, (10)
033 sin ¥ cosyy 0
ing : in0
—cosy - o siny - o ]
=Te(pe)

with the end-effector velocity vector

. . . T .
Ve 1= [xf,fo, yf.fo, zﬁo, a)f a)}L a)ZL] e R® (spatial case). (11D
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In direct kinematics, absolute coordinates p, of the end-effector are computed from
measured joint coordinates z;. This is much easier than measurement of absolute
coordinates p, of the end-effector. The control space of multi-axis test facilities
is usually represented in absolute coordinates (controlled variables p,.) of the end-
effector (cf. Figure 4b). As a consequence, in most control and measurement tasks,
end-effector variables p, must be computed from measured variables zy;.

In the investigation considered, the absolute coordinate vector p, has been
obtained from relation (3) according to the direct kinematic equation (Newton—
Kantorowitch iteration)

peli) = peli = D+ aq - [Jp(p)] ) Wlpeli — 1) = 20).

(iteration step i, numerical damping coefficient o). (12)

It includes the Jacobian matrix of inverse kinematics J,(p.).

4.2.2. Results

In this section, the results obtained by symbolic and automatic differentiation of
inverse kinematic relations of planar and spatial parallel robots will be compared.
The systems considered are multi-axis test facilities, driven by earthquake and sine
sweep (1-20 Hz) command input signals, and controlled by feedback linearization
algorithms [15, 16, 20].

The benchmark programs of Examples 2 and 3 have been performed following
the steps of Table I. The controlled multi-axis test facilities have been simulated on
a LINUX system using a C computer simulation program (Steps M4.1 and A3.1).
The functions of these examples have been differentiated by MACSYMA with
substituted source code (Step M2.3) and with standard compiler optimization (Step
M4.2) and by ADOL-C with standard compiler optimization (Step A3.2), because
the results of Example 1 show that these two settings provide rapid computation of
derivatives.

The Jacobian matrices J,(p.) have been computed up to three times (three
iterations of (12)) in each integration step At (At = 1/3000 sec) for a simu-
lated physical process of a period of 6 sec. This leads to about 54000 (54000 =
3000 x 6 x 3) computations of the Jacobian matrix for each simulation run. As a
consequence, in each simulation run 486000 (54000 x 9) partial derivatives have
been computed for the planar robot and 1944000 (54000 x 36) partial derivatives
for the spatial robot (Steps M5 and A4).

The results obtained for Examples 2 and 3 will be now evaluated according to
the evaluation criteria of Section 3.

I. Amount of preliminary implementation work

The first evaluation criterion discussed is related to preliminary implementation
work, defined as the time required to obtain executable programs for calculating
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the Jacobian matrices J,(p.) of inverse kinematics of planar and spatial parallel
robots.

To Step 1: (programming time)

ADOL-C: Automatic differentiation tool ADOL-C requires programming of
functions to be differentiated (zx = t,(p.)), choice of dependent variables (z;)
and independent variables (p.), marking of functions to be differentiated, and
splitting of subroutines into C++ modules (ADOL-C) and C modules (simulation
program). These tasks, specially splitting of subroutines into C and C++ modules,
took in both examples (planar and spatial robot) ;e ~ 30 min.

MACSYMA: Preliminary work when applying MACSYMA includes program-
ming of a command file with functions to be differentiated (zx = #(p.)) as
well as the choice of dependent variables (z;) and independent variables (p,).
These programming tasks, especially programming of the command file, took
Iprog ~ 35 min in the planar case and #,,,, ~ 50 min in the spatial case.

To Step 2: (time of source code generation)

ADOL-C: No source code of derivative expressions had to be generated
(tsource =0 mln)

MACSYMA: Source code generation has been performed by computing symbolic
derivatives of functions (J,(p.)), by computing substituted symbolic derivatives
of functions, and by including symbolic derivatives into the simulation program.
In both examples these tasks took a few minutes (fsource < 7 min).

To Step 3: (compilation time)

ADOL-C: The compilation time of the simulation program including ADOL-C
subroutines was fcomp ~ 92.2 sec in the planar case and 7.omp &~ 138.1 sec in the
spatial case.

MACSYMA: The compilation time of the simulation program including symbolic
Jacobian matrices J,(p,.) generated by MACSYMA was feomp A~ 93.0 sec in the
planar case and 7.,mp ~ 138.4 sec in the spatial case.

Summarizing, Examples 2 and 3 show that the implementation work is up to two
times higher for MACSYMA than for ADOL-C. In agreement with Example 1,
the programming time for ADOL-C is independent of the complexity of functions
to be differentiated. In Examples 2 and 3, the programming time for MACSYMA
increases with growing complexity of the functions to be differentiated. The time
needed for source code generation is much higher for MACSYMA than for
ADOL-C. The compilation times for Examples 2 and 3 are nearly identical for
both differentiation methods. This does not agree with the results of Example 1,
where a remarkable difference of the compilation times for ADOL-C subroutine
and MACSYMA source code has been observed. This is due to the fact that in
Examples 2 and 3 the functions to be differentiated were only a small part of the
total simulation program to be compiled.
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II. Computation time

ADOL-C: The computation time of the simulation program was t,,, =~ 2.45 sec in
the planar case, and f,,, & 16.26 sec in the spatial case.

MACSYMA: The computation time of the simulation program including symbolic
Jacobian matrices J,(p,) was try, =~ 0.06 sec in the planar case, and #,,, ~ 1.92 sec
in the spatial case. These results show in agreement with Example 1, that symbolic
computation of Jacobian matrices J,(p.) by MACSYMA is, in the planar case,
about 40 times faster than by ADOL-C and, in the spatial case, about 8§ times faster
than by ADOL-C.

With increasing complexity of the functions to be differentiated, the number
of operations of ADOL-C increases, too, whereas the number of statements in
the source code generated by MACSYMA increases more rapidly. This implies
that the major advantage of MACSYMA (brief computation time) with respect
to ADOL-C slowly decreases with increasing complexity of the functions to be
differentiated.

IIL. Flexibility in the applications

ADOL-C: In the case where the differentiation task changes and the model equa-
tions must be modified, only reprogramming of the inverse kinematic relations and
recompilation of the simulation program must be performed.

MACSYMA: For each variation of the differentiation task and for each variation
of the model equations, the whole preliminary implementation work must be re-
peated: reprogramming of the command file including inverse kinematic relations,
generation of source code for computing Jacobian matrices, and compilation of the
simulation program.

This implies in agreement with Example 1, that program modifications are less
expensive for ADOL-C than for MACSYMA. A variation of the differentiation
task or of the model equations in Examples 2 and 3 leads to an amount of work
which is more than 2 times higher for MACSYMA than for ADOL-C.

IV. Limits of applicability

ADOL-C and MACSYMA: The complexity of the functions to be differentiated
in Examples 2 and 3 does not demand too large memory of the computer sys-
tem. The system used (LINUX) is in both examples (planar and spatial robot) for
MACSYMA and ADOL-C capable of computing the desired derivatives.

In case of computer simulations of hyper-redundant actuator configurations [6]
(cf. Figure 5a) as well as in computer simulations [7] and feedback lineariza-
tion control [18] of spatial rigid-body systems including a large number of rigid
bodies (cf. Figure 5b), derivatives required in simulation programs and in control
algorithms could not be successfully computed by using MACSYMA. These tasks
exceeded the limits of applicability of MACSYMA. On the other hand, the al-
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Table VII. Memory requirements.

MACSYMA ADOL-C

memory required at runtime in bytes
planar case 320 336
spatial case 928 944

size of the source code in KB
planar case 1679 1175
spatial case 7618 4797

gorithms obtained by ADOL-C were slow. They could neither be used in hardware
in the loop simulations nor in real-time control of those systems.

V. Accuracy of the results

The numerical values of elements of the Jacobian matrices computed by ADOL-
C were nearly identical with the numerical values obtained by MACSYMA. The
maximum numerical differences between these values were less than 10716,

VI. Memory requirements

The memory required at runtime and the size of the source code, measured in KB
of the simulation program including ADOL-C subroutines and of the simulation
program including symbolic Jacobian matrices J,(p.) generated by MACSYMA
are collected in Table VII.

Examples 2 and 3 show that the memory required at runtime is slightly higher
for ADOL-C than for MACSYMA and that the size of the source code including
the computation of partial derivatives is about 1.5 times larger for MACSYMA
than for ADOL-C.

The results of Examples 2 and 3 concerning the evaluation criteria I to VI are
summarized in Table VIIL

5. Conclusions
The results obtained in these investigations show that

— Automatic differentiation with ADOL-C is superior to symbolic differenti-
ation by MACSYMA

e in applications where extreme complex expressions must be differenti-
ated (no limits of applicability have been observed for ADOL-C),
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Table VIII. Results obtained for Examples 2 and 3.

Evaluation criterion

MACSYMA ADOL-C

I. amount of preliminary work
I.1 programming time

— planar case

— spatial case

1.2 source code
generation time
— planar case

— spatial case
1.3 compilation time
— planar case

— spatial case

short (nearly the same)
long short (same as planar)

long -
long -

short (nearly the same)

long (nearly the same)

II. computation time
— planar case

— spatial case

short  (1:40) long
short (1:8) long

III. flexibility in application
— planar case

— spatial case

not flexible flexible

IV. limits of applicability
— planar case

— spatial case

no limitations observed

V. accuracy of results
— planar case

— spatial case

identical numerical results

VI. memory requirements
— memory required at runtime
— planar case

— spatial case

— size of the source code
— planar case

— spatial case

very small (nearly the same)

very small (nearly the same)

small (1.4:1) small

medium (1.6:1) medium

351
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(a) hyper-redundant manipulator (b) spatial hexapod

Figure 5. Computer graphics of a hyper-redundant manipulator (a) and of a spatial hexapod
including 13 rigid bodies (b).

e in tasks where preliminary work and amount of time to modify expres-
sions to be differentiated, to generate and compile source code, and to
modify the differentiation task, are of primary importance, as well as

e in applications where no real time demands must be satisfied (for in-
stance in the first design phase of rather complex mechanisms by means
of computer simulations).

— Execution of differentiation is up to 40 times faster for symbolic differentiation
than for automatic differentiation. This implies that real-time applications like

e hardware in the loop simulation,
e real-time control, and
e real-time data processing

symbolic differentiation is superior to automatic differentiation (if the expres-
sions to be differentiated are not too complex to be handled by symbolic
differentiation).

In current investigations of the authors, automatic differentiation is used for
computing feedback linearization controllers where Lie-derivatives of complex
functions of a large number of variables are required. This task could not yet be
successfully solved by MACSYMA.
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